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B.Sc., Mathematics MAJOR PAPER VI 


REAL ANALYSIS AND COMPLEX ANALYSIS 


Dear Student, 


We welcome you as a student of the third year B.Sc., degree course in 
Mathematics.This Paper-VI deals with REAL ANALYSIS AND COMPLEX ANALYSIS. The 
learning material for this paper will be supplemented by contact seminars. 

Learning through the Distance Education mode, as you are all aware, involves self- 


learning and self-assessment and in this regard you are expected to put in disciplined and 
dedicated effort.On our part, we assume of our guidance and support. 


Best wishes. 
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COMPLEX ANALYSIS 


0. INTRODUCTION 
0.1 COMPLEX NUMBERS 


Recall that the imaginary number i is defined to be 4-1. We call 
the imaginary unit and construct any imaginary number by multiplying 
this unit with a real number. So we can represent all imaginary numbers 
in the form iy where y is real number. | 


A complex number is simply the sum of a real number and an 
imaginary number. We write | 


z — Xtly, 


where z is a complex number and both x and y are real numbers. We can 
refer to the real and imaginary parts of z separately as - 


Rez = x and Imz = y. 
If x=0 (y=0) we say that the complex number z is purely imaginary 


(real). 
0.1.1 BASIC OPERATIONS 


To add (subtract) complex numbers, we simply add (subtract) the 
real and imaginary parts. For example if we have complex numbers 


Zj7 Xj tly), Z27 X5t ly, 
then 
Zitz? = (Xp*X5) + ify; ty) 


Z,-Z22 = (X,-X5) + i(yi-y3) 


We can multiply complex numbers using the distributive law and 
the fact that ;/^—- 7. 


For z; and z? as above we have that 
Z122 = (X1X2 — Yy) + d (X1y2+y1X2). 


In the case of multiplying a complex number by a real scalar C, we 
see that this formula reduces to 


CZ = c(x + iy) = extciy. 


Space for Hints ! 





|  camplex conjugate. For a complex number z the complex conjugate Z is 
given by - 








_ If we define as 


then 





In ‘order to divide complex numbers, we first introduce the 


Z = x- ly. 


Rez-Re z and Im z= -Im z, 


_ which leads to the identities 


no Oz£FEO- z—-Z 
Rez 7 — and Imz - —— 


Note that zz is always a real number. In particular 


Zz =x +y. 


E Therefore we can find the inverse of a complex number z+0 as 





Indeed, 


-Í 1 m 
x?4y^ — x? +y? 





= ZiZ2 (Z2# 0), 
. 22 


Z1 _ 2122 _ (xixatYiY2)ti(y1x2—x4y2) 
Z2 Z222 x2 +y? 


. 0.1.2 THE COMPLEX PLANE 


i In the previous section we treated a complex number simply as 
the sum of a real number and an imaginary number. The allowed us to do 


the basic arthimethic above, but it be more useful us going forward to 
treat complex numbers as vectors in a two-dimensional real vector space. 


That's mouthful, but all we mean is that we represent each complex | | 


number as an ordered pair (x,y) of two real numbers. So for z = (x,y) = 
x+iy we have that 


Rez = x and Im z = y. 


We can represent our vectors graphically on the standard co- 
ordinate plane as directed arrows from the origin to the point (x, y) as in 
the first figure. We call this space the complex plane. By our definition 
of the ordered pair (x,y), we see that purely real numbers will fall on the 
x-axis, or what we call the real axis (line). Similarly purely imaginary 
numbers will fall on the y-or imaginary axis. 


Now that we are working with vectors, it will be useful for us to 
have a concept of length. We can use the Pythagorean theorem on the 
complex plane to determine the length of any vector. For the complex 


number z = (x,y) we see that its length x? + y?. We call this the 
modulus of z and denote it by |z]. Note that 


[z| = x+y = zz. 
Complex conjugation corresponds to reflecting a vector across the 


real axis as shown in the first figure. As we expect, complex conjugation 
does not change the modulus of a me number. In fact 


Iz -zz2-zz-zz- Iz}, 


where we use the fact Z= z. | 


On the complex plane vector addition using the parallelogram rule, as 


shown in the second Figure, corresponds to addition of complex numbers. 
Multiplying a complex number z by a real scalar c corresponds to 
lengthening the vector z by a factor of c. Indeed, 


lcz| =f (cx)? + (cy)? = |c] fx? + y? = lellzl]. 


Often we will refer to regions in the complex plane by using an equation. 


For example |z|=/ specifies the unit circle : the set of points with 
modulus 1. i 


0.1.3. POLAR FORM 

Recall from vector calculus that when working with two- 
dimensional vectors on the coordinate plane, we have a choice of 
coordinate systems to use. As you have surely seen, polar coordinates 
make the solutions of some problems easier. In the complex plane we 
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Space for Hints 





have an equivalent notion of polar coordinates, and it will lead us to one 


e for Hints : i 
"M vm of the most celebrated formulas in mathematics. 





[Im(z) = y 


T 
| 





-2 


| 
| 


A complex number z = xtiy is shown as a vector in the complex 


plane and in polar form as z = re'ü. Its complex conjugate Z is its 


reflection across the real axis. 


Intz) = y 


er 
1 z= (x,y) = x+ iy= re" 







argin = 8 


i " EROR ee CORSET CSERE NIMES REIS BERS 2 E 
| hl 1 i : Reg zt = S 
* f 

w« ang) -0 


au (4,7 y) = ye ly = re 


Adding two complex numbers z; and zz in the complex plane using the 
parallelogram rule. 


. Instead of referring to a complex number z = x-*iy by its real and 
imaginary parts (rectangular form), we could instead to it by its modulus 
|z| and the angle it makes with the positive reals axis (measured counter 
clockwise). We call this angle the argument of z and denote it by arg z. 
Look again at the first Fgure. Note that the choice of the argument is not 
unique. The angel 8 is equivalent to the angle 8 + 2krr for any integer k. 
Therefore arg z is really an infinite set of angles. 


To obtain a unique for the argument we will restrict ourselves to 
choosing angles in the interval (0, 2x), This restriction make the arg 
function single — valued, and we call this the principal value of the 
argument, We denote it as Arg (with a capital ‘A’). The set argz can 
now be expressed as 


« 


arg z = (Argz + 2kr : kez}. 


If we let 
22 Ul 22 2 - spm Ed 
r izl = x? + y? and 0 = Argz = tan = 4 
we see that 
x = Rez =rcos@ 
y=Imz=rsin@ 
Therefore 


zZ=xtiy = r(cos0 + i sin) 


This representation of a complex number does not seem immediately 
useful, However Euler’s formula tells us that 


e'Ü =cos0 + i sin 0. 
From this, we get the polar form of a — number. 
z = re’, 
where r and @ are the modulus and argument of z respectively. 


It also leads to Euler's identity, the most beautiful equation in 
mathematics. 


e" +1=0 





Space for Hints 


This single equation links the three basic arithmetic operations(addition, 
multiplication and exponentiation), the additive (0), the multiplicative 
identity (1) and three fundamental constants (i, x and e). How do we see 
that it is true? If we take e" as a complex number in polar form, we see 
that it has modulus 1 and argument 7. We can plot it (on paper or 
mentally) or use the formulas above to find that 
Ree^- l.cosz- -l 
Im e" — 1. sin zx — O. 


So e™=-1. 


UNIT 6 


6.1 ANALYTIC FUNCTIONS 
Introduction 


We can represent any complex number x- iy by a point (x, y) in R xR. 
The plane R xR representing the complex numbers in this way is called 
the complex plane. Let Sc C. Then S is called a connected set if every 
pair of points in S can be joined by a polygon which lies in. S. Any 
nonempty open connected subset of C is called a region in C. 

JA Definition 6.1.1 | 

A function f defined in a region D of the complex plane is said to be 
analytic at a point a € D if f is differential at every point of some 
neighbourhood of a. | | 

Thus f is analytic at a if there exists £ > O such that f is 
differentiable at every point of the disc S(a,e) = {z / |2 a| < e A 

If f is analytic at every point of a region D, then f is said to be 
analytic in D. | 

A function which is analytic at every point of the complex plane is 
called an entire function or integral function.For example any 
polynomial is an entire function. | 


Remark 6.1.2 

If f(z) is analytic at a point a , then there exists ¢ > 0 such that JZ) is 
differentiable at eech point of S(a, £). Now, let z € S(a, £). Then we can 
find 6 > 0 such that S(z, 6) c S(a, £). Hence J is differentiable at every 
point of S(z, ô) so that fis analytic at z. 

Thus fis analytic at every point of S(a, €). Hence fis analytic at a 

and if only if fis analytic at each point of some neighbourhood of a. 
Hence the set of all points for which a given function is analytic forms an 
open set. | | 
In particular, if a function is analytic in an arbitrary subset A of the 
complex plane, then there exists an open set containing A in which the 
function is analytic. | 


Remark 6.1.3 


l f (2) = u(x, y) + iv.(x,y) = vy(x,y) exu uy(x,y) 
is further differentiable and hence f '(z) is continuous. 
Hence uy, Vy, uy v, are all continuous. 


Further it follows that if f(z) is analytic in D, then u and v 
have continuous partial derivatives of all orders. 
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Space for Hints | 
| J| Theorem 6.1.4 | | 

An analytic function in a region D with its derivative zero at 
every point of the domain is a constant. — 
Proof. | 
Let f(z) = u(x,y) +iv(x,y) be analytic in D and f (z) = 0 for all ze D. 
Since f(z) = it ivy = v, — iuy, we have uy = Uy = Vx = Vy 7 0. 
Therefore u(x,y) and víx,y) are constant functions and hence 
f(z) 1s constant. 


Remark 6.1.5 NE 20 . 
The above theorem is not true if the domain of f(z) is not a region. 
For example, let D = {z/|z| <1} V {z/|z|> 2j | 

D is not a connected subset of C so that D is not a region. 

Let f£ D — C be defined by 


Ka-Q if|zi< 


(2 if|z|>2 
Clearly f '(z) = 0 for all points z € D and fis not a constant function 
in D. | 


Solved Problems 


Problem 6.1.6 
An analytic function in a region with constant modulus is constant. 
Solution. 

Let fz) = u(x, y) -iv(x, y) be analytic in a domain D. 
Since |/(z)| is constant, we have u +y? = c where c is a constant. 
Differentiating partially with respect to x, we get 2uu, + 2vv, = 0. 


(ie) uts tvvy 0. eee eee (1) 
Similarly differentiating partially with respect to y, we get 
Wi Vy 1 S (2) 
Using C-R equations in (1) and (2) ,we get 
Ui Vy 0. E E elei tn) 
uc VHS US = Hisigtieeeeeteeeeeeeees P EPPRODUS (4) 


Eliminating u, from (3) and (4), we get (ur +y) u, = 0. 
Since u^ *v' = c ,.we get us = 0. | 
Similarly we can prove that v,— 0 so that f '(z) = ux + iv, 0. 
Hence f is constant. 


Problem 6.1.7 | 
Any analytic function /(z) — u * iv with arg f(z) constant is itself 
. a constant function. 
Solution. 


We know that arg f(z) — tan! (V/u) = c, where c is a constant. 


E 


Therefore v/u = k where k is a constant. 

Therefore v = ku. 

Hence v, = ku, and v, = ku. 

Eiminating k from the above equations , we get MNT = Vly. 
Therefore UxVy — Uys = = 0. 

Therefore x, ^ruy — 0 (using C- R scuintions given in 1 6. 2) 
Therefore u,= 0 and u, = 0 and hence u is constant. 
Similarly we can prove that v is constant. 

Therefore f= u-iv is a constant. 


Problem 6.1.8 
If f(z) and f(z) are analytic in a region D, show that fz) is a 


constant in that region. 
Solution. 


Let f(z) = u(x,y) tiv (x,y). 


Therefore f(z) = u(x, y) — iv(x,y). 

= u(X,y) + i[-v(x.y)f. 
Since f(z) is analytic in D, we have u, = v, and z, — -v,. 
(By C-R equations) 


Since f(z)is analytic in D, we have, u, = -v, and u, = vy. 
Adding ,we get  — 0 and u, = 0. 

Hence u = 0 = v, 

Therefore f'(z) = u, + iv, = 0 

Therefore f(z) is constant in D. 


Problem 6.1.9 


| Space for Hints 


Prove that the functions f(z) and f (z) are simultaneously analytic. 


Solution. 

Suppose f(z) = u(x,y) + iv(x,y) is analytic in a region D. 

Then the first order partial derivatives of u and v are continuous 
and satisfy the C-R equations 


Ou Ov 

Z'" —S (1) 
Ov Ou 

a ay ere (2) 


Now, f(z)= ule JJ — iv(x,-y). 
= u(x, y) + ivi (xy) where ui(x,y) = u(x, -y) and 
vi(X,y) = -v(x, X. 


B Qu, Ou Ov Ov 
1! ——— m o—— mm —— Z= Á- om(1) 
Space for Hints | x x oy y f 
: v, 


| | Oy | |y "Ox | Ox 
The first order partial derivatives of u; and v, are continuous 
and satisfy the Cauchy-Riemann equations in D. 
Hence f (z) is analytic in D.. 


Similarly if f (z) is analytic in D, then f(z) is also analytic in D. 








Problem 6.1.10 











a2 m2 | | e e ' e 
T : , prove that —> => —4——— 
OxOy dOydox Ox” Oy OzOZz 
Solution. 


Let z = x ty. 


1 — l -—. 
S.x-—(z-z) and ——í(z-—z 
5 ( )a y Th ) 


Oz ox dz ay Oz 


UE UNA 
20x 2i Oy 
l{ oO Ó 

= — —— + J — 
2\ Ox | Oy 











" wie 9L E i] E ut. Gi 
 Oz0z = 2|\ ax? — xy A2 ByOx | Oy^ Ai 
Lt. © 1.09. be 
"aen tas) mé d 

x y OxOy i OyOx 


aa LA + a Ge 
ALL Ax? oy! OxOy i 
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Exercises 6.1.11 
|.Prove that an analytic function whose real part is constant is itself 
a constant. 
2. Prove that an analytic function whose imaginary part is constant 
is itself a constant . 
3. If f =u + iv is analytic in a region D and wv is constant in D, 
then prove that freduces to a constant. 
4. If f = utiv is analytic in a region D and v = u^ in D, then prove 
that f reduces to a constant. 
5. Determine the constants a and b in order that the function /(z)= 
(x 4 ay’ - 2xy) + i(bx? =y + 2xy) should be analytic . Find f ‘(z). 
Answers: 5. a=-1;6=1,;f'(2)=(1 *i)z 


6.2 THE CAUCHY - RIEMANN EQUATIONS 
The existence of the derivative of complex function of a complex 
f(z * h)- f(z) 
h 
h — 0 along any path. This has some far reaching consequences. In this 
section we derive some important properties of the real and maginary 
parts of the differentiable function f(z) = u(x,y) +i v(x,y). 
Therorem 6.2.1 
Let f(z) = u(x,y) +i v(x,y) be differentiable at a point zo = xg + i yo Then 
u(x,y) and v(x,y) have first order partial derivative u,(xo, yp) My(Xo, o) 
,Vx(Xo,yo) and vy(xo,yo) at (xo,yo) and these partial derivatives satisfy the 
Cauchy — Riemann equations (C-R equations ) given by ux(xo,vo) = 
V(Xoyog | and uy(xoyo = - Va(X0,Yo). 
Also , f '(zo) = ux(xo,yo)* i vx(xo,yo). 
= Vy(X0,Yo) - Iuy(xo,yo). 


variable f(z) requires to approach to the same limit as 


Proof. 
Since f(z) = u(x,y) +i v(x,y) is differentiable at zo = xo + i yo 


9 


exists and hence the limit is independent of the 


0 Jf (zo +h) - f (Zp) 

lim h 

path in which h approaches zero . 
Let h =h;+ tho. 


Now IG th) fz) 


h 
_ VQ +h, Vo + hy) tiv (xo +h, Yo eh) us) -i V(xXo, Vo) 
h +i h, 
Nis +A, Yo * 8) 0 Yo) c ipo thy, + hy) ~V Qs Yo), 
h +ih, h, + th, 


Suppose 4 — 0 along the real axis so that h = h;. Then 


Space for Hints 


| f '(G)-]i 
| Space for Hints | ; | lim h, 
i 4. UOS + hy, Yo +A) 0 8 
j limi h | 
a l 


h 5 +h ~V (Xos 
ti] 7 MINER i 
m0 | 


|Oux(Xoyo) t i vx(%0,¥0)- (1) 
Now, suppose k — 0 along the imaginary axis so that h = ihz. 


h, i3: 
Feo = fm Le fo) 


= [Cos Yo th, jJ MXo s Yo), 
fe | ee 
h, 0 2 
po o thy) -v ($4. Vo) 

*ilim (Xo. Yo CLIE E 
ast im! ih, 

u (Xn . Vy Yos 

= (Sere) 4 j pre oro), 

l 
sae My(Xoyo) + Vy(Xo.yo 
= -duy(Xoyo) + vy(Xoyg .  —Q) 
From (1) and (2) we get | mE 

FT God) = ux(Xo,yg)-- i v.(xoyog.^ vy(Xoyo) - iuy(xoyo). 
Equating real and imaginary parts, we get 
Ux(X0,Vo) = Vy(Xo,Vo) 
Wy(X9,V0) = - Vx(Xa,Vo). 
Remark 6.2.2 | 
Since J’) = Us+ Í Yy = Y iu, ,we have 

Va (z)|^ = up. vy zd tu 
Also |f 'G)l = uc. uy" ve wy. 
Further |f:’(z)|7 = HyVy - My Vy 

U, u, 





|. ON, olu, v) 
A(x, y) 





Remark 6.2.3 

The Cauchy-Riemann equations provide a necessary condition 

for differentiability at a point. Hence if the C-R equations are 

not satisfied for a complex function at a point ,then we can conclude 
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that the function is not differentiable. 


For example, consider the function 


Led 


fi) =z =x-iy. 
Here u(x,y) = x and v(x,y) = -y. 
Therefore u,(x,y) = 1 and vy(x y) = - I. 


Therefore u, # v, so that C-R equations are not satisfied at any point z. 


Hence the function fz) = z is nowhere differentiable. 

Remark 6.2.4 

The C-R equations are not sufficient for differentiability at a point as 
shown in the following examples. 








Example 6.2.5 
xy 
if z#0 
Let f(z) = f x? +y° 4 
0 jf z=0 
xy , 
if (x, y) + (0,0) 
Here u(x,y) = x! y! 4 
0 if (x, y) = (0,0) 
And v(xy) =0 


: h, 0) — u (0,0 
Now, ux(0,0) = ma e 
h—>0 h 
. 0-0 
= h-0 
Similarly, 4,(0,0) = 0. 
Also v,(0,0) = 0 and v,(0,0) = 0. 
Hence C-R equations are satisfied at z = 0. 
Now , along the path y = mx, 


fasa 





moe € if x #0. 
x! +m? x? l+m 


nm 
Hence if z — 0 along the path y = mx, Hp l-m which is 
different for different values of m. 
Hence f(z) does not have a limit as z — 0 so that /(z) is not even 
continuous at. z =0. 
Thus f(z) is not differentiable at x = 0. 
Example 6.2.6 


Let f(z) = NESI 
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Space for Hints 


= 


| Space for Hints Here u(x,y) = Ji xi and v(x,y) 
u(h, 0) - (0,0) 


ux(0,0) = lim h 


h->0 
= () 
Similarly, 4,(0,0) = 0. 
Also v,(0,0) =0 and v,(0,0) = 0. 
Hence C-R equations are satisfied at z = 0. 
We claim that f(z) is not differentiable at (0,0) . 


Along the path y = mx, 


Hence as z —^ 0 








FSO _ Jxmx| _viml neg 
i ae NEU f xeu, along the path y = 
mx, 
JG) - / (0) tends to mi 
z l+im — which depends on the path along which 


z — 0 so that f is not differentiable at z =0. 

Note 6.2.7 

In this example, the function //z) is continuous and has partial derivatives 
which satisfy Cauchy-Riemann equations at 0 but is not 
differentiable at 0. 

In the following theorem, we prove that C-R equations together with the 
continuity of partial derivaties give a sufficient condition for 
differentiability of complex function. 

Theorem 6.2.8 

Let f(z) = u(x,y) +i v(x,y) be a function defined in a region D such that u, 
v and their first order partial derivatives are continuous in D. If the 
first order partial derivatives of u, v satisfy the Cauchy — Riemann 
equations at a point (x, y) € D, then fis differentiable at z = xt iy. 


Proof. 
Since u(x,y) and its first order partial derivatives are continuous at (x,y), 
we have by the mean value theorem for functions of two 


variables, ` 
u(x *hi, y+hp) - u(x,y) = hu, (y) *h»u(x,y) *hier*haes......... antl) 
where e, and £; — 0 ash, and h>—0. 
Similarly, 
v(x +h, y hy - v(x,y) = hiv, (xy) ha vi (x,y) *hyeghaes.... (2) 


where £;and ¢,— 0 as hı and ho-0. 
Leth = hı + ih; 
fG-h)-f(z) 1 
Then Dr PR) = u(x +h), yh; - u(xy) ti v(x +h; 
ythy - v(x,y)] 
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l : 
=o (fu uses y )* hz ue, y )* hueythoe) i (hu 
Vx(X, y)+ hz vy(X, y)t 


hjé3+h2€4}] 
using (1) and (2). 


= zl hif ux, y) + iv, y)} + he {u(x y) + 
iv,(x, y)} + hi(gyti e3) 
+ halez fey]. 

z = (hi ihz) ux (x,y) — i(hı+ ihz) uy(x,y) + 


hi(eyti 83) + h2(e2+ ied]. 
(using C-R equations). 


| h ux (x,y) — ih uy(x,y) + hye +i e3) + ha(e* i 
e4)]. 


h h 
= ux (Xy) — i uy(x,y) + PL €3) + y» (E2+ i £4). 


h h 
Now, since Fed < I, pF (eji e3) > 0 as h — 0. 


h 
Similarly T (£2* i £4) > 0as h — 0. 


fe h-fG). 


n ux (x,y) — i uy(x,y) . Hence f is 


Therefore lim 
h-»0 


differentiable. 
Example 6.2.9 
Let f(z) = e'(cos y +i sin y). 
Therefore u(x,y) = e' cos y and v(x,y) = e* sin y. 
Then u,(x,y) =e" cos y = vy(x,y) and uy(xy) = -œ sin y = -v,(x,y). 
Thus the first order partial derivatives of u and v satisfy the 


Cauchy-Riemann equations at every point. Further u(x,y) and v(x,y) 


| Space for Hints 


Space for Hints and their first order partial derivatives are continuous at every point. 


Hence / is differentiable at every point of the complex plane. 

Example 6.2.10 

Let f(z) = lI. 

Therefore f(z) = u(x,y) + iv(x;yy) = x? +y, 

Therefore u(x,y) = x+y" and v(x,y) = 0. 

Hence z4(x,y) = 2x; uUy(X,y) = 2y; Vx(x,y) = 2x = v, (x,y). 

Clearly the Cauchy-Riemann equations are satisfied at z = 0. 

Further u and v and their first orde” partial derivatives are continuous 

and hence f is differentiable at z 

Also we notice that the C-R equations are not satisfied at 

any point z+ 0 and hence fis not differentiable at z z 0. 

Thus f is differentiable only at z = 0. 

ALTERNATE FORMS OF CAUCHY-RIEMANN EQUATIONS 

In the following theorem, we express the Cauchy-Riemann equations in 
complex form. 

Theorem 6.2.11 (Complex form of C-R equations) 

Let f(z) = u(x,y) + iv(x,y) be differentiable. Then the C-R equations 

can be put in the complex form as f, = -ify. 

Proof. 

Let f(z) = u(x,y) + ivy). 

Then f, = ux + iv, and f, = u, + ivy. 


Hence f, = -if,. 


l6 


€» Uy + Iv, = -i(uy + ivy) 


€» Ux = vy and v, = - uy. 
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Thus the two C-R equations are equivalent to the equetion f, = -ify. 


In the following theorem, we express the Cauchy Riemann equations and 


the derivative of a 


complex function in terms of it polar coordinates. 


Theorem 6.2.12 (C.R Equations in Polar Coordinates) 


Let f(z) = u(r, 0) + iv(r, 0 ) be differentiable at z = rel? * 0. 


Viet utt ad Ta 


Or | rOO Or. roO | 


Further /'(z) = 2E: am) 
Or | Or 


Proof. 
We have x =r cos 0 andy=rsin 2. 


Ou Ou ox , 2u 
ar wo Oy ôr- 


Hence — 


= PH sia C abel: 
Ox Oy 


av ov ae y 
09 60x00 by 00 


Also —— 


m idl oe Q) + UPT . 
Ox Oy 


loa 
 r90 Ox 
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= 2" di @ ead: ( using C-R equations ) 


Ou : 
d (using (1) ) 


Ou 1 ov 
Thus — = ——. 
"Uu 08 
Qv | Ou 
Similar! that — = --—-— 
Imiiar V we can prove a a» POS 
Now, 


(8.29) -. (HS, . (2%. 22) 
ór Or Ocór r) AOxér Over 


=r (Z coso P sing iC unie D ants 
Ox Oy Ox Oy 


=x f'(Z) + iy f' (2). 
= (xy) f"(z). 
=Z f(z). 


fet (mE 


4 
Or Or 
We now proceed to express C-R equations in yet another form. 


Let f(z) = u(x,y) + Iv(x,y). 


zz z- 
Since x = E and y = —— * we have 





7] 
z+z Z7 -z zZ VA z 
+ ——— T jJ, 
f(z) = ( —— A —— ) + iv( > > 


Thus f can be thought of as a function of zand z are not 

independent variables we form the partial derivatives 2- and » as 

is zand z are independent variables, With this convention we have 

the following theorem, 

Theorem 6.2.13 

If f(z) is a differentiable function, the C-R equations can be put in the 
of 


form —= = 0, 
Oz 


= 
ax\2) OyX 2i) 


Thus 2. = 0 TE. À i 


cci. which is the complex form of the C-R 
equations. 


Thus the C-R equations can be put in the form 


x, 
OZ 
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Solved problems 
Problem 6.2.14 
Verify Cauchy-Riemann equations for the function f(z) = Z. 
Solution. 
f(z) = zi = (xtiy)’. 
= (x? — 3xy) + i (3x’y - y’) 

jg u(x,y) =x? — 3xy’ and v(x,y) = 3x^y — y 
ux = 3x? -3y” and vy = 6xy. 
uy -6xy and vy = 3x -3y?. 
Here ux = v, and uy = -vy. 
Hence the Cauchy-Riemann equations are statisfied. 
Problem 6.2.15 
Prove that the following functions are nowhere differentiable. 
(1) AZ) = Rez. (ii) Az) = e (cosy —-isin y). 
Solution. 
(i) f(z = Rez =x. 
^. u(x,y) = x and v(x,y) = 0. 
^W, = Land v, = 0. 
uy = 0 and v, = 0. 
Since ux # vy, the C-R equations are not satisfied at any point. 
Hence /(z) is nowhere differentiable. 
(ii) Az) = e (cos y —i sin y). 


=e cosy-—ie' sin y. 
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+. u(x,y) = č cos y and v(x,y) = — & sin y. 

Ue = €' cos y and v, = — € sin y. 

uy = — € sin y and v, = - @ cos y. 

Clearly C-R equations are not satisfied at any point and hence fz) is 
nowhere differentiable. 


Problem 6.2.16 





[es if z*0 


|z| 


Prove that f(z) = | 0 if z -0 


is continuous at z = 0 but not differentiable at z = 0. 
Solution. 
First we shall prove that lim f(z) = 0. 


zRez 
Now | f(z) - 0 | a ez 





= [Re zj. 


Further | Re z | < |zl. 

For any given e > 0 , if we choose 6 = £, we get 
zl=1z-01<8 2 |f -0< 8 

Hence fis continuous at z = 0. 

Now, we prove that f(z) is not differentiable at z = 0. 


f(z)-f(0) zRez_ Rez 


— ra A ee 


z—0 z\|z| |zi. 
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Space for Hints 


Along the path y = mx, 


F(z) ~ FO) _ x ___! 
z-0 Je +m Nlm 


The value of the limit depends on m and hence on the path along 





which z — 0, | 


Lig O-O 


a0 Z= Ü — does not exist. 
^. f(z is not differentiable at z = 0, 
Problem 6.2.17 
Prove that f(z) = z Im z is differentiable only at z = 0 and find f” (0). 
Solution. | 
Itz) = z Im z . (ci) = xy + iy” 
J u(x,y) =x y and v(x, y) = y. 
ex y; Vy = O; Uy = x and vy = 2y, 
Clearly the C-R equation are satisfied ónly at z = 0. 
Further all the first order partial derivatives are continuous, 
Hence fi) is differentiable at z = 0. 


Also f'(0) = u,(0,0) + iv,(0,0) = 0. 


Problem 6.2.18 


x? 4 y^ 


2 > 
Show that fiz) =? € *9) fz20 
0 if z=0 


gpm m 


is not differentiable at z * 0. 
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Solution. 


OLO. St | | 


z —0 x+y’ (x+iy) 


_ xy? 
x + y* 





<. Along the path x = my’, 





fG)-/(0) . my' _ m 
z —0 my +y +l 


The value of the limit depends on m and hence depends on the path along 


which z — 0. 


/ () - (0) 


<. lim. ——————- 


De z 0 does not exist. 


f(z) is not differentiable at z = 0. 
Problem 6.2.19 
3 . 3 . | 
Prove that the function f(z) = eee) if z#0 satisfies 
x°+y° 
0 if z-0 
C-R equations at the origin 


but f'(0) does not exist. 


Solution. 


3 * 3 . 
X (I i)— y (l-i) 
f(z) -4——————-—— j zz 
(z) x+y? 4 


0 if z=0 
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3 


3 3 | 3 p 
x —y NES: J if z (0 0) and 
i UY == and V{X, m 3 2 l (x, ) ds 
Space for Hints Here u(x,y) DIS (x,y) Za 


u(0,0) = v(0,0) = 0. 








u(h,0) — u(0,0) 
Now, u,(0,0) = lim — 





Similarly 4,(0,0) = -1; vx(0,0) = 1 and v,(0,0) = 1. 
Thus u,(0,0) = v,(0,0) = 1 and u,(0,0) = - v,(0,0) = -1, so that 


C-R.equations are satisfied at z = 0. 


Now, LO 7/0) x -y LLL er 


? ? i T! 2 2 : 
z —0 = (x +y Xx+iy) (x ty (x iy) 


Along the path y — mx we have 





f(z)- f0) x -mx +; etm x 
z-0 -(QGsemx)yxeimx) (x° em x Yyximx) 
l-m l+m 


$f. ——— 
(ltm’)+im) — (01 m^) im) 
Hence the value of the limit depends on the path along which z — 0. 


f) - FQ) 


Thus lim 
0 Z-Q doesnot exist. 


Hence f is not differentiable at 0. 
Problem 6.2.20 i 


Prove that f(z) = sin x cosh y + i cos x sinh y is differentiable 


at every point. 
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Solution. 

f(z) = sin x cosh y + i cos x sinh y. 

<. u(x, y) = sinxcoshy and v(x,y) = cos x sinh y 

ux = cos x cushy and v, = -sin x sinh y 

u, = sin x sinh y and v, = cos x cosh y 

y ux = v, and wy = -vy for all x,y. 

Hence C-R. equations are satisfied at every point. 

Further all the first order partial derivatives are continuous. 

Henne f(z) is differentiable at every point. 

Problem 6.2.21 

Find constants a and b so that the function f(z) = a(x’ - y?) + ibxy + c 
is differentiable at every point.Solution. 

Here u(x,y) = a(x -y*) + c and v(x,y) = bxy. 

uy = Sass Vy = by. o 

uy = -2ay and v, = bx. 

Clearly ux = " and uy = - Vy 

"- The function f(z) is differentiable for all values of a,b with 2a = b. 

Problem 6.2.22 

. Show that fz) = Jr (cos6/2+isin/2) where r>Oand0<@<22 

is differentiable and find f (2. 

Solution. " À 

fiz) = Vr (cos0/2+isin/2). 

u = Jr cos(@/2) and V - Jr sin(0/2) l 
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Ou i Ov ] a 
n — = cos(8/2 — = sin(8 / 2) 
ee aJr os( ) and oe 2d r ( 
Ôu = . óv r 
38 = Y" sin(O/2) and 38" S eos(8/2) 
| ov |, Jr 
Sa «ieee Lx —= (0/2 
Now, — 5 i j cos ) ) 
cos(0 / 2 
"X 
_ ou 
Ore 
ou l5 
Thus oP Oe 
Ov ] ðu 
Similarly op --7 8980 
|! 
= —sin(ĝ/ 2). 
24r 





Hence the C-R equations (in polar form) are satisfied. 
Further all the first order partial derivatives are continuous. 
Also f'(z)= (2%, 
Z 
Al . cos(@/ 2) 1 — s sin(9/ 2) 
= Z 24r 2J r 
"EE: 
2d rz 


Hence f (z) exists 
+2 
Qr or 
(cos(9/2) +isin(@/2)) 





z (cos(9/2) +isin(@/ 2)) | 


Hence f(z) = Mz 


Exercises 6.2.23 


|. Verify C.R. equations for the following functions 
(i)  f(z)-az*b. 
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(i) f(z)-e. 

(iii  f(z)-(1/z), z +0. 

(iv) f(z) = iz*2. 

(v) | f(z-e'"(cosy-—isin y). 

(vi) f(z) = cos x cosh y — 1 sinx sinh y. 
(vii) f(z) sinz. 
(viii) | f(z) = ze”. 


6.3 HARMONIC FUNCTIONS 

Definition 6.3.1 

Let u(x, y) be a function of two real variables x and y defined i in a region 
D. u(x,y) is said to a harmonic function if O^wOx^ + O^wOy! = 0 and this 
equation is called Laplace's equation. 


Theorem 6.3.2 
The real and imaginary parts of an analytic function are harmonic 


functions. 


Proof. 
Let f(z) = u(x,y) + iv(x,y) be an analytic function. 
Then u and v have continuous partial derivatives of first order which 
satisfy the C-R equations given by | Ou/Ox = Ov/Oy and Ou/Oy = -Ov/Ox. 
Further 0 wxdy = O^w/OyOx and 0 v/dxdy = 8’v/Oydx. 
Now O'u/Ox^ +8 °u/ðy = 0/0x(Ov/Oy) + B/Ay(-dv/dx) 
Thus z is a harmonic function. 
Similarly we can prove that v is a harmonic function. 


Remark 6.3.3 
Laplace’s equation provides a necessary condition for a function to be the 
real or imaginary part of an analytic function. 


For example if u(x,y) = x^*y , we have 
O^wOx! = 2; 0^wOy! = 0 and Cu/dx? + & u/Oy” =2. 


Thus u(x,y) is not harmonic function and hence it cannot be the real part 
of any analytic function. 


Definition 6.3.4 
Let f = utiv be an analytic function in a region D. Then v is said to be a 


conjugate harmonic function of u. 


Theorem 6.3.5 
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Let f = u-iv be an analytic function in a region D. Then v is a 
harmonic conjugate of u if and only if u is a harmonic conjugate of —v. 


Proof. 


Let v be a harmonic conjugate of u. Then f= u+iv is ona yue: 
Therefore ¿f= iu-v is also analytic. 
Hence u is a harmonic conjugate of —v. 
The proof for the converse is similar., 


Theorem 6.3.6 | 
.. Any two harmonic conjugates "t given harmonic function u in a 
region D differ by a real constant. 
Proof. 
. Let u be a harmonic function. | 
Let v and v* be two harmonic conjugates of u. 
u + iv and u + iv* are analytic in D. 
Hence by the Cauchy-Riemann equation, we have 


Ou/Ox = Ov/Oy = Ov*/Oy and au/éy = -Ov/Ox = -ôv */ðx 

Therefore Ov/Oy = Ov*/Oy and Ow Ox = Ov*/Ox 

Hence Q/Oy(v — v*) = 0 and O/ax(v — y*) — 0. 

Therefore v = v* + c where c is a real constant. 

Remark 6.3.7 

The Cauchy-Riemann equations can be used to obtain a harmonic 


conjugate of a given harmonic function. 
For example, let u(x,y) = x^ — y^. 


Then ua + 8 way" =? - 2 = 0 so that u is harmonic in the whole 


complex plane C. | 
Not, let v(x,y) be a harmonic conjugate of u. 


Then Ov/dy = üwOx -2x ——— (1) 
and Ov/Ox = -Ou/Oy=-2y ws (2) 


On integration of (1) with respect to y we get v = 2xy+@(x) where p(x) is 
a function of alone. 


Now from (2) 0v/Ox dio gives 2y + g'(x) = 2y, 


Therefore g(x) = 0sothat o(x) = c (a constant) 


Therefore v = 2xy + c. 
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Thus the harmonic conjugate of u(x,y) = x? y is given by v(x,y) = 
2xy+e and the corresponding entire function is given by 


f(z) = x? m + i(2xy+c) 
- z + ic. 


Let u(x,y) and v(x,y) be given harmonic functions. We now describe a 


method, due to Milne-Thompson, of constructing an. analytic. function | 


whose real part is u(x, y) or imaginary part is v(x;yJ. 
Milne-Thompson method 


Let u(x, y) bea given harmonic function. — 
Let f(z) = u(x,y) + iv(x.y) be an analytic function. 


Then f '(z) = uy (xy) + ivy) i 
x Ux (x,y) E iuy(x, y) . 


Let g,(x,y) = ux (x,y) and @2(x,y) = uy (x,y). 


le ie 


2i 





z+z 
We have x = —— and y= 











z+z z~Z zz z-z 
H ld are =e -1 * . 
idis «| 2 2i | ed 2 2i | 


Putting z — z we Obtain f '(z) = q,(z,0) — ig2(z,0). 


Hence f(z) — f [91(2,0) — i p2(z,0)} dz + c. 


Note that it can be proved in a similar way that the analytic function f(z) 
with a given harmonic function v(x,y) as imaginary part is given by 


S) 7 f [w1(2,0) — i v2(2,0)] dz +c. 


Where v,(x,y) = v, and y»(x.y) = vy. 


Solved Problems 
Problem 6.3.8 


Prove that u = 2x — x' *3xy! is harmonic and find. its harmonic - 


conjugate. Also find the corresponding analytic function. 
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Solution. 


3 2 
Given that u = 2x =x *3xy'. 
2 2 H —ÀÀÀ 
Uy = 2—3X' +BY"; uy, = -Óx; uy = OXY; Uyy = OX. 
Uxx + Uy, = 0. Hence u is harmonic. 


Let v be a harmonic conjugate of v. 


KH = u+iv is analytic. 


By Cauchy-Riemann equations, we have 

Vy = Uy = 2— 3x +3y”. 

integrating with respect to y, we get 

v —2y—3x/y Hy td) eese (1) 

where A(x) is an arbitrary function of x. 

Vy = -Óxy + A'(x). 

Now v, = -u gives -6xy+A'(x) = -6xy. 

Hence A'(x) = 0 So that AG) = = c where c is a constant. 

Thus v = 2y — 3x^y +y +e [from (1)] 

Now fiz) = (2x —x! *3xy) + i (2y — 3x! y + y! )* ic 
= 2(x+i y) — [x — 3xy^) + i(3x^y —)] + ic 
= 2z — z? + ic. 


Therefore f(z) = 2z — z) + ic is the required analytic function. 


Problem 6.3.9 


Show that u = log 4x^ + y? is harmonic and determine its conjugate and 
hence find the corresponding analytic function f(z). 


Solution. EE 
Let u-logjx +y? =% log (x y ). 


— Us = T7 ty). ; 
= (° ty) e ;29'/ à +y)? 
= = 67 =x) (x +y’) 


Similarly up = (x? -y)/ e xy). 
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Obviously u44uy, = 0 and hence v is harmonic. 
Let v be a harmonic conjugate of u. 

Therefore f(z) = utiv is an analytic function. 
By C-R. equations, we have 

Vy= Uy = x? +y). 


Integrating with respect to y, we get v = tam ! (y/x) + (x) where $09 1 is an 
arbitrary function of x. 


Now v, = [I/(1-y^/x?) ] Cy) + d'(x). 
Also vy =-u => -w[x +y] *$'(x) = -y x +y ] so that $'(x) = 0. 


Hence @(x) = c. 


Therefore v = tan! (y/x) + c. 


Therefore f(z) = u + iv = logy x+y" + iftan! (y/x) + c]. 


Problem 6.3.1 

Show that u(x,y) = sin x cosh y + 2 cos x sinh y + x^ — y! +4xy is 
harmonic. Find an analytic function f(z) in terms of z with the given u for 
its real part. 

solution. 

Ux = cos x cosh y — 2 sin x sinh y + 2x +4y. 

Ux, = - sin x cosh y — 2 cos x sinh y +2. 

Uy = sin x sinh y + 2 cos x cosh y — 2y + 4x. 

uy, = sin x cosh y + 2 cos x sinh y — 2. 

Therefore u,,+u,, = 0. Hence u is harmonic. 

Now let @7(x,y) = usand ¢2(x,y) = uy. 


Therefore ¢;(z,0) = cos z cosh 0 — 2 sin z sinh 0 + 2z. 
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Space for Hints ! -= cos Z + 2z. 
Similarly $»(z,0) = 2 cos z + 4z. 
Therefore f(z) =f [01(2,0) — i 92(z,0)] dz(by Milne Thompson Method) 
. =f[cos z + 2z — i(2 cos z + 4z )]dz 
= sinz + 2° — 2i sinz — 2iz +c. 
| Problem 6.3.11 


Jf f(z) = u(x,y) + iv(x,y) is an — function and u(x,y) = sin 2x /cosh 
2y + cos 2x, find f(z). 
Solution. 
It can be verified that u(x, y) is harmonic. 
Now, ux =/(cosh 2y + cos 2x) 2 cos 2x + 2 sin? 2x]/( cosh 2y + cos 2x)? 


=/2cosh 2y cos 2x + 2] /( cos + cos 2x)? 
Also, uy=/-2 sin 2x sinh 2y] /( cosh 2y + cos 2x)? 
Let bió) = ux and $2(x,y) = uy 
Therefore $,(z,0) = [ 2cosh 0 cos 2z + 2] /( cosh 0 + cos 2z)” 
| = 2/ 1*cos 2z = sec? z. 
And ¢2(z,0) = 0. 
Now, f(z) =f 1[91(2,0) — i 92(z,0)] dz 
= fsec^ z dz 


=fanzt+e 
Therefore f(z) = tanz + c. 


Problem 6.3.12 
Find the analytic function f(z) = u + ivifu + v = sin 2x / (cosh 2y — cos 
2x). 
Solution. 
uv = sin 2x / (cosh 2y — cos 2x). ........ (1) 
Therefore, 
ux + vy —[ 2(cosh 2y — cos 2x)cos 2x — 2 sin^ 2x]/(cos h 2y — cos 
2x)^....... (2) 
nid Uy + vy —[ — 2 sin 2x sinh 2y]/(cos h 2y - cos 2x)’. ......... (3) 
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Ms: 
i - Space for Hints 
Since the required function f(z) = u+iv is to be analytic, u and v satisfy 


the C-R equations u, = v, and uy= -v.. 
Using these equations in (2), we get 
ux — uy = [ 2(cosh 2y — cos 2x)cos 2x — 2 sin’ 2x]/(cos h 2y — cos 2x)? . 
Therefore, 
ux(Z, 0) — u,(z,0) = [ 2(1 — cos 2z)cos 2z - 2 sin^ 2z]/(1 — cos 22) . 
=f 2 cos 2z- 2 (sir 2z*cos? 2z)]/(1 — cos 22)’. 
= -2(1- cos 2z) /(1 — cos 22)’. 
-.2/2simz--cosec z ... (4) 
Using C-R equations in (3) ,we get 


Uy + ux =[ — 2 sin 2x sinh 2y]/(cos h 2y — cos 2x)". 
Therefore, uy (20) + ux (20) =O. . . ........ (5) 


Now adding (4) and (5) ,we get , 2u,(z,0) = - cosec’ z. 
Therefore | 44,(7,0) = - t^ cosec z.  ....... (6) 
Subtracting (4) from (5) ,we get , 2u,(z,0) = cosec’ z. 
Therefore, | 4,(2,0) — ^ COSeC Z. evacuees (7) 
Now fz) = u(z,0) + iv(z,0) 

>f '(z) = u,(z,0) + iv,(z,0). 

= u,(z,0) - iuy(z,0). 
= (-1/2) (1*i)cosec2z [using (6) and (7)] 

Integrating with respect to z we have, 
fi) = (1+i/2) cotz * c. 
Problem 6.3.13 
Given v(x,y) = x? — 6x y t yí , find /(z) = u(x,y) + iv(x,y) such that fz) is 


analytic. 
Solution. 
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It can be easily verified that v(x,y) is harmonic. 





Now, v, = 4x! — 12xy/ and vy 7-1 2x^y + 4y”. 
Let f(z) = utiv be the required analytic function. 
By Cauchy-Riemann equations ux = vy. 
Therefore wu, = - 12xy + 4y! 


Integrating with respect to x , we get, u = -4x!y + 4xy! + A(y) where A(y) 
Is an arbitrary function of y. 


Therefore u, = -4x! + 12xy! + Ay) = -vy. 
Therefore -(4% — J 2xy’) = 4x + 12xy" t A'O). 
Therefore | A'(y) = 0 so that A(y) = iere c is a constant. 
Thus u -4x)y + 4xy + c. 
Therefore fiz) = (-4x* + 4xy) + c) + i(x* — 6x^y? + y) 
= if(x* — 6x y ry!) i(4x*y- 4xy)] TE 
= i(x-Fiy)! +c 
= iz? + c. 
Aliter(Milne Thompson Method) 
Let y,(X,y) = v, and wo(x,y) = vy. 
Therefore yv,(x,y) = - 12x'y DÀ dy” and = yo(x,y) = 4x — 12xy’. 
Therefore w,(z0) = 0 and wo(z,0) = 42’. 
Therefore f(z) =f fy 1(z,0) +i w2(z,0)] dz 
= if4z'dz 


-iz! + c 
Problem 6.3.14 


Find the analytic function f(z) = utiv given that u — » = € (cos y — sin y). 
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Solution. 

u—v-e'(cos y — sin y). — 8 00 
Therefore u,— vy =€ "(cos y-siny) .......... (2) 
And uy- vy = - e*(sin y + cosy). .......... (3) 


Since the required function is to be analytic, it has to satisfy the C-R. 
equations. | 
Therefore using C-R. equations in (32), we get — 
-Vy- Uy = - e'(sin y + cos y). sesen. (4) 
Solving (2) and (4), we get 
m- COS mieni (5) 
and v; = e" siny —  ............ (6) 
Integrating (6) with respect to x ,we get, 
v= e sin y + fly) 
Therefore — v,7 e'cos y + f '(y) E T—— (7) | 
Using C-R. equations in (5) and (7), we get , f '(y) = 0. 
Hence f(y) =c ; where c; is a constant. 
Therefore v= e'siny*c, 
From (1) u =e cos y + C2. 
Now, f(z) = utiv 
= e*cos y + ie sin y + c, + ic» 

= v + i sin y) + (c, + ic5) 

= ee” + a (where a is a complex constant) 

E a +9 

=e +a. 
Problem 6.3.15 


If uty = (x-y)(x? + 4xy +y 2) and f(z) = u+iv, find the analytic function 
f(z) in terms of z. 
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S pace for Hints 





— for Hints Solution. 


utv = (x-y)(x + dxy t yl ae "(—— (1) 
Differentiating (1) partially with respect to x , we get , 

Hu Vy = (0? dxy + y^) + (x — y) (2x + dy) sees (2) 
Differentiating (1) partially with respect to y , we get, | 
uy vy = -6° + day + y) + (x -y)(dx + 2y) | ecce (3) 


Since f= u + iv is analytic, 4 and v satisfy the C-R equations. 


Ux == Vy and uy T “Vx. 


Therefore using C-R. equations in (3) ,we get 
“Vy + U= -(X5 + 4xy + yy?) + (x -y)(dx + 2y) s (4) 


Adding (2) and (4) ,we get , 2u, = (x — y)(6x + 6y). 


Therefore Uy = 3(x^ — y) n (5) 
Subtracting (4) from (2), we get, v, = 6xy ............ (6) 
Using C-R equations in (6), we get, tty = -6xy ............ (7) 


Let @;(%y) =u, and g(x,y) = uy. 

Therefore $1(2,0) = 3z? and $02(2,0) = 0. 

By Milne-Thompson method , 

f() =S 19 1(%0) — i 92(2,0)] dz 

=f 3z dz = z +e. 

Problem 6.3.16 . | 

Find the real part of the analytic function whose imaginary part is 


e?" [2xy cos y + (4 — x^) sin y]. Construct the analytic function. 
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Solution. 
Let v = e"[2xy cos y + (y — x?) sin y] and fo- u+iv be the required - 
analytic function. 
We can prove that v is harmonic. We use Milne-Thompson method to 
find the harmonic conjugate u of v. 
Let y, (x,y)= v, = e" (2x cos y — 2xy sin y + 2y sin y + (Y^ — x°) cos y) 
and w2(x,y) = vy = e*(-2xy cos y — (vj =x?) sin ; M cos y ~ 2x sin y). 
Therefore | w;(z,0) = e"(2z — z^) and y»(z, 0) = 0. 
By Milne Thompson method, 
I) 7 f'[vi(,0) + i yx(2,0)] dz 
-fe*(2z — z) dz 
= f 2ze'dz — [-z'e* + fe” 2z dz] 
= 2-6 
= (xt iy)? g ^9 
= [(x? - y) + 2ixy] e" (cos y — i sin y) 
= e*[( — y^) + 2ixy] (cos y - i sin y) 

Real part of f(z) = e*/(x* — y^) cos y + 2xy sin yf. 

(ie) u = e*[(x^ — y^) cos y + 2xy sin y]. 

Problem 6.3.17 

Find the constant a so that u(x,y) k ax’ -y + xy is —— Find an 

analytic function f(z) for which u is the real part. Also find its harmonic 

conjugate. 

s 


Solution. 
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| Space for Hints 


' u(x,y) = ax! - y + xy. 
Space for Hints | 
Given that 4 is harmonic. Hence it satisfies Laplace's equation 


OP wOx^ + 0^ wOy' = 0. 
Now, Ou/Ox = 2ax + y and O'wOx^- 2a; 
Ou/0y = -2y +x and Ou/dy’ = -2. 
Ouldx? + Puy = 0 — 2a-2= 0. 
Hence a = I. 
Therefore | u =x — y 9 xy. 
Hence ux = 2x + y and u, = -2y + x. 
Let 9;(x,y) =u, = 2x +y and ó»xy)-uy--2y + x. 
Therefore ¢;(z,0) = 2z and $2(2,0) =z. 
Therefore f(z) =f [91(2,0) — i 92(2,0)] dz 
= f(2z — iz) dz 
- z^-—iz/2*c 
= (x--iy)' — i(x*iy) /2* c 
= (x^ — y^ + 2ixy) -( i/2) (x^ — y^ + 2ixy) +c 
= (x -y + xy) + i(2xy + ° -x 2) + c. 
Therefore v(x,y) = 2xy + (y/ — x^)/2 is the harmonic conjugate of u(x,y). 
Problem 6.3.18 
If u(x,y) is a harmonic function in a region D , prove that 
f(2)7 Ou/Ox- iðu/ðy is analytic in D. 
Solution. 


Let U = ðu/ðx and V = -du/dy. 
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Therefore f(z) = U + iV. Since u is harmonic, U and V have continuous Space for Hints | 


first order partial derivatives and 6° ux? + Fuy = 0. esee (1) 
Also QU/Ox = O'wx^ = -G’u/dy’ [using (1)] 
= OV/Oy. 
Hence OU/0x = OV/Oy. 
Now, OU/dy = O’u/dydx = O^ u/OxQy = 6/Ax(Bu/dy) = -OV/Ox. 
Hence OU/Oy = -OV/Ox. 
Thus the partial derivatives of U and V satisfy the Cauchy-Riemann 
equations. Hence f is analytic in D. 
Problem 6.3.1 

If 4 and v are harmonic functions satisfying the Cauchy-Riemann 
equations in a region D, then f= u-iv is analytic in D. 
Solution. 

Since u and v are harmonic, the first order partial derivatives of u and 

v are continuous. Also u and v satisfy the C-R equations in D. 
Hence f= u + iv is analytic in D. 
Problem 6.3.20 


Prove that the real(imaginary) part of an analytic function when 


2 2 
expressed in polar form satisfies the equation i + Le + EE 0 


ror r 00° 
(This equation is the Laplace equation in polar form) 
Solution. 
We know that Cauchy-Riemann equations in polar form are given 


by 
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gu E AE (1) 

cr rô 

av iau 

R e e (2) 
and 2 ae 


We eliminate v from (1) and (2). 


Differentiating (1) partially with respect to r and (2) partially with respect 
to 9, wehave 


2 2 
av TAREA E (3) 
or | Or! ôr 





Q?^v Q^v Q^u Ou | ð u 








= , + -—. 
OrOO | O00r Or? Or r 00? 


ôu lôu | | O?u M Ov lõ 1 d’v 
pu cU pe i. Similarly cop c qe 
or ror r° 00 Or ror r^ ð 


Problem 6.3.21 
ó and y are functions of x and y satisfying Laplace's equation. If u = Py — 
yand v = à, + v, , prove that u + iv is analytic. 
Solution. 
Given that ¢ and y satisfy Laplace's equation. 
Hence Øw *ó,-70. . ........ (1) 
And yy t+ Wy =O ........ (2) 
Also 4» -—$,— wand v = ¢, + yh. 


Hence Hy — Pry z V xx 
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Uy= Pyy — yx 
Vy Oxx + Way 
= -Pyy + Wry [by(1)] 
And w= $y, — Yy 
= Pyx — Vx [by(2)]. 
Thus 1 =v, and wy = -v,. 
Since $ and y are harmonic, all the partial derivatives are continuous. 
Hence u + iv is analytic. 
Problem 6.3.22 
Show that if u and v are conjugate harmonic functions, the product uv 
Is a harmonic function. 
Solution. 
Since u and v are conjugate harmonic functions, the product uv is a 


harmonic functions ,we have 


Wu tuy =O. 2. (1) 
Vy F Vy SO 2... (2) 
Ur = Vy eiiiai (3) 

Uy = -Vy — 2... (4) 
Now let à = uv. 


Py = UVy + vis. 
Prxx = Uy 2uyv, + vuy, 
Similarly fy, = uvyy* 2uyvy + vuy 


= Wyy- 2vyu, + vuy [using(3) and (4)]. 


4] 


Space for Hints 


Space for Hints Now $t Pyy = U(Vax + Vyy) + V(Uzxt Uyy) 


=( [using (1) and (2)] 
Therefore ¢ = uv is a harmonic function. 
Problem 6.3.23 
If f(z) is analytic , prove that (07/0x + F/y N fE) 2 = 4 f'@) |. 
Solution. 

Let f(z) = u+tiv. 

Therefore | /(z) | = u^ + v! = ġ (say) and f'(z) = ux + iv. 
Therefore 076/x? = 2[u + uus + Ve Wa] sss (1) 
Similarly à4/8y! = 2[u,? + uuy + vy + Wy] — ee (2) 
Since u and v are harmonic, 
Hx + uy =O and v t+ Vyy =O 25. (3) 
Adding (1) and (2) using (3) we get 

A d/Ox? + & day! = 4 (uy? + vx") 

=4tu, + iv, |" 
=41f'2) I 

Hence the result. 
Problem 6.3.24 
If f(z) = u+iv is analytic and f(z) + 0, prove that 

(0 | (00x! + Zar) log | f@ | =-0. 

(ii) V? amp f(z)- 0. 
Solution. 


log f(z) = log |f(z) | + i amp f(2). 
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Since f(z) + 0, log | f(z) | exists. 
Further since f(z) is analytic and f(z) + 0, log f(z) is also analytic. 
Therefore log | f(z) | and amp f(z) are the real and imaginary parts of the 
analytic function log f(z). 
Hence both Jog | f(z) | and amp f(z) satisfy Laplace equation. 

(i) 6"/0x" (log | fiz) V + 0'/ay log | fiz) ) = 0 

(i.e) (00x! + 0/0y^) (log |fe) |) = 0. 
(ii) Also,07/8x" (amp f(z)) * 0^/0y (amp f(2) =0 
(e) (00x. + 8 /ey’) (amp f(z)) = 0. 
fie) | V^ ampf@ =0. 
Problem 6.3.25 
Given the function w = z’ where w = u+iv. Show that u and v 
satisfy the Cauchy-Riemann equations. Prove that the families of curves 
u = c; and v = c3 (c, and c; are constants) are orthogonal to each other. 
Solution. 
w-z- (x-- iy)? 
= (x? -3xy) + i (xy - y). 

Therefore u = (x? — 3x?) and v = (3x y — y ). 
uy = 3x — 3y and u, = -6xy; 
v. = Oxy and v, = 3x? — 3y”. 
We note that u; = v, and uy = -vy. 
Hence u and v satisfy the Cauchy-Riemann equations. 


Now ux = 6x and uy, = -6x. 
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| = 6x — 6x = 0. 
Space for Hints Therefore uz, + uy, = 6x — 6x 


Hence u satisfies the Laplace equations. 
Similarly Vix + Vy = 6y — fy = O. 
Hence v satisfies the Laplace equations. 
u =c; => x -3xy =c] 
Differentiating with respect to x, we get , 
3x? — 3(2xy (dy/dx) + y^) = 0. 
Therefore dy/dx = 3(x — y^ y6xy =( x! — y, )/2xy. 
Therefore slope of the tangent at (xo, yo) for the curve u = c; is given by 
m, = xo^ — yo / 2xaqyp. 
Now v = c? 2 3x'y - y! = c; 
Differentiating with respect to x, we get 
3(2xy + x'(dy/dx)) — 3y (dy/dx) = 0. 
Hence dyax(3x^ — 3y?) = -6xy. 
Therefore dy/dx = -2xy/(x^ — y^). 
Slope of the tangent to the curve u = c» at (Xo, yo) is given by 
m» = -2xayo/(xo^ — yo" J. 
Clearly, mim; = -1. 
Therefore the two families of curves are orthogonal. 


Exercises 6.3.26 


|. Prove that the following functions re harmonic. Also find a 
harmonic conjugate. 


(i) u = sinh x sin y. 
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(ii) u = 3x y + 2x! — y) — 2y’. 
(iii) | u-e'cosy. 

2. Prove that the following functions are harmonic. Also find a 
function v such that f(z) = ut+iv is analytic and express f(z) in 
terms of z. 

() u = 2x(1 — y) 

(i) | u-e'(xcosy-yssin y) 

(ii u = 2xy + 3y. 


(i) u =y ty’). 
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| Spáce for Hints 


UNIT 7 


7.0 CONFORMAL MAPPING AND SOME DEFINITIONS 

In this section, we study the concept of bilinear transformations, 
cross ratio and fixed poifits. We start with the necessary definitions 
Which are useful throughout this material. 
Definition 7.0.1 
A curve C in the complex plane is given by a continuous function 

y: [a,b] — C. 

If y(t) = x(t) + ty(t), then the curve C is determined by the two 
continuous real valued functions of the real parameter ¢ given by x = x(t) 
and y = y(t) where ax:« b. We also Write z = z(t) = x(t) + Ty(t) where a< 
IS b. The point z(a) is called the origin of the curve and zb) is called the 


terminus of the curve. 


The curve C is said to be simple if t; + t2 => z(tj) 4 Z(t). 
Equivalently C is simple if the function y is one-one. 


The curve C is called a closed curve if z(a) = z(b) and C is called a 
simple closed curve if (i) z(a) = z(b) (ii) z(tj) £ 2(t2) for any other pair of 


distinct real numbers ż;, t € [a,b]. 


A simple closed curve is also called a Jordan curve. 
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A curve C is said to be differentiable if z'(t) exists and is continuous. If 


further z'(t) + 0 , then the curve is said to be regular (smooth). 


Geometrically the regular curve has a tangent whose direction is 
determined by the argument of z'(1). 

If C is a curve determined by the equation z = z(t) where a< t< b, then the 
opposite cure of C denoted by — C us given by the equation z(t) = z(b+a- 
t) where as t€ b. 

Example 7.0.2 


The polygonal line given by 


z(t) = {t+it if Osts! 


jio if I<ts2 


consisting of a line segment from 0 to 1+i followed by another line 
segment from /+/ to 2+i is a simple curve.. 
We notice that the above curve is differentiable except a /+i. Such a 
curve is called a piecewise differentiable curve. 
Definition 7.0.3 
A curve C given by z = z(t) is said to be piecewise differentiable if it is 
differentiable except at a finite number of points and at any point where 
z(t) is not differentiable, it has a left derivative and right derivative. 
Example 7.0.4 

The equation given by z(t) = cos t + i sin t , where 0< t< 2z represents 


the unit circle C with centre O and radius | described in the anticlockwise 
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——— ——— a 
Space tor Hints | 


direction. The origin and terminus of the curve are 2(0) = 1 =2z(2n). 
Space for Hints 

The same circle with negative orientation —C is given by the equation 

z(t) = cos (2r — t) + isin(2z —t). This isa simple closed curve. 

Example 7.0.5 

In general the equation z(t) = a + r(cos t + i sin t) where OS ts 2R 
represents a positively oriented circle with centre a and radius r. This is 
also a simple closed curve. 


Example 7.0.6 


The curve represented bv ` 4) = cost + i sint where OS t$ 4z isa — 
closed curve. However itisn simple closed curve, since z(7/2) = 
z(5n/2). Actually the equation represents a unit circle traversed twice. 
Definition 7.0.7 

Let f be an analytic function in a region D. Let C be a curve given 
by the equation z = z(t) where as tx b and lying in D. 

Then the equation w = w(t) = f(z(t)) defines another curve C' in the w- 

plane and is called the image of the curve C under f. 
Definition 7.0.8 

Let f be a continuous function defined in the region D. Let zp € D. 
Let C, and C; be two regular curves passing through zo and lying in D. 
Let C", and C^; be the images of C; and C; respectively under f. If the 
angle between C, and C;is equal to the angle between C,’ and C» both in 


magnitude and direction, then fis said to be conformal at zo. 
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Thus a conformal mapping preserves angle both in magnitude and | 
direction, 

If the angle is preserved only in magnitude and direction is reversed, 
maen the mapping is said to be isogonal or indirectly informa. 
Definition 7,0.9 m 

Let f(z) be an analytic function defined in D and let zo € D. Then zo 


is called a critical point of f(z) if f (zy) = 0. 


BILINEAR TRANSFORMATIONS 
IN TRODUCTION 

A function f: C—C can be thought of as a transformation from one 
complex plane to another complex plane. Hence the nature of a complex 
function can be described by the manner in which it maps regions and 
curves from one complex plane to another. In this unit, we shall discuss 
bilinear transformations and see how various regions are transformed by 
these transformations. 
7.1 ELEMENTARY TRANSFORMATIONS : 

I. Translation: w =z + b. 

Consider the transformation w=ztb. 

Ifz=xtiy, w= pid and b = b; ib; , then the image of the point 

(xy) in the z-plane is the iain (x+b;, y+b2) in the w-plane. 

Under this transformation, the image of any region is simply a 


translation of that region. Hence the two regions have the same - 
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Space for Hints | 





Space for Hints || 





Hence the transformation w — = J£ is the inversion with respect to the 
unit circle followed by the reflection about the real axis. 

Here dicho outside the unit circle a are mapped ii into pou inside the 
unit circle and vice versa. Points on the circle are reflected about the real 
axis. 

. In terms of Cartesian coordinates the above transformation can be 
expressed in the form | 

ow -artiv = Moctiy) = (x — iy)/ 6è + y’). 
Therefore — u -x/(x^* y!) and v 5 (x? +’). 
Similarly from z = //w. we get x = w(w^ + v) and y = -v/f + v^) ...(1) 
Now, consider the equation a(x^ + y?) + bx + cy+d=0 

where a ,b ,c ,d are real. — 
This iim represents a circle or a testi line according as a Z 0 or a 
= 0. Using (1) and (2) ;we get, 
dád 4 v?) *tbu—-cvta-0  ..... (3) 
Now, suppose a £z 0; d 7 0. 
In this case, both (2) and (3) represent circles not passing through the 
edulis. Hence circles not passing through the origin are mapped into 
circles not passing through the origin. 
Similarly, a circle passing through the origin is maped into a straight line 
not passing through the origin. 
A straight line not passing through the origin is mapped into a circle 


passing through the origin. ` 
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w=izti > w= i(x+iy) + i-yti(x*l) 
Therefore utiy = -y + i(x*1). 
Therefore 4 —^-y and v=x+]. 
Therefore x20 <> v»l 
Therefore the half plane x > 0 is mapped into the half plane v > 7. 
Problem 7.1.2 
Show that the region in the z-plane given byx > Oand0<y< 21s 
mapped into the region in the "dnd given by-/« u « Land v» 0 


under the transformation w = iz + 1. 


Solution. 


Let z " x-tiy and w = uti. 
died => w-i(xtiy) +] 
=> utiy = (-y+ 1) + ix. 

Therefore u=J—y and v=x 
Therefore x 20 and 0<y<2 < v>0 and -1«u « J.Hence the 
given region is mapped in to the region v>0 and -7 < u < J. 
Problem 7.1.3 

Find the image of the square region with vertices (0,0), (2,0), (2,2), 


(0, 2) under the transformation w = (]+i)z + (24i). — 


~ Solution. 
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v through an angle 45° about A and then translating it such that A coincides 


with 4'(2- i). 
Problem 7.1.5 
Show that by means of the inversion w = J/z the circle given by | z- 3 
| = 5 is mapped into the circle | w + 3/16 | = 5/16. 
Solution. 
The circle | z- 3 | = 5 is mapped into | 7/w — 3 | - 5 , 

Now | //w—-3]2 5 > | I/f(ucivy - 31 =5 
=> i(1—-3u)—3iv| = 5| u*iv | 
— (1 — 3u)? + 9v! = 250 +v’) 
=> 9 ~6u + 1 + 9y? = 25 + 25v 

e. l6 +v?) + 6u- 1 =0. 


=> u + v? + (6/16) u — 1/16 = 0. 


l 5 


2 
This is a circle with centre (-3//6,0) and radius | +— = —. 
| 16/7 16 16 


Hence the image circle in the w-piane is given by the equation 


3| 5 
wt —|--—. 
| a 16 
Problem 7.1.6 


Find the image of the circle |z— Ji | = 3 under the map w= l/z. 
Solution. 
The image of the circle jest = 3 under the transformation w = 1/z 
is given by the equation | //v — 3i | = 3. 
Now, | 1/w—3i| 23 > | I/(u*iv) -3i| 9 3 
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= 205 * y) su 0. 
=> P+ -u2 <0. 


.. The region x > 2 is mapped into a region represented by u? + v? — u/2 


< 0, which is the interior of the circle with centre (+0) and radius ^^. 


d. :. 


« 3 





Now, x < 3 > ———; 
: u^ tv 


=> 3a -y)-u»0 
=> uty -wu/3 >O. 


.. The region x < 3 is mapped onto the exterior of the circle with centre 


(1/6,0) and radius da 


J6 
.. The strip 2 < x < 3 is mapped onto the region bounded by the circle 
y? tv -w2 and +v = u3in the w-plane. 
Exercises 7.1.8 

I. Find the image of the square region with vertices (0,0), (1,0) and 
(0, 1) under the transformation WZ + (3 —i). 

2. Find the image of the rectangular region bounded by x = 0; y = 0; 
x72; y= under the (i) translation w =z + (1- 2i) (ii) 
rotation w = iz (iii) transformation w = (1+i)z + (2 — i). 

3. Find the image of the strip 0 « x « / dM the transformation w = 
iz. 

4. Find the image of the region y > J under the transformation w - iz 


+1. 
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Answers: 2.(i)The rectangular region bounded by u=/,v=-2,4=3 and v=-/ Space for Hints 


(ii) The rectangular region bounded by u=0,v=0,u=-6 and v=2 

(iii) The rectangular region bounded by ut+v=/,v-u=-3,u+v=Sand v-u =-/ 
3. The strip 0cv« 1. 

4. ut v7 2. 


7.2 BILINEAR TRANSFORMATIONS 


Definition 7.2.1 


+b 
A transformation of the form w = T(z) = c a (1) 
cz+d 





Where a,b,c,d are complex constants and ad — bc + 0, is called 


a bilinear transformation or Mobius transformation. 
a -d 

We define 7(oo) = — and T( ——) = œ. Hence T becomes a 
C C 


| — I onto map of the extended complex plane onto itself. 
The inverse of (1) is given by 


—~dw+b 


cw— a 


z= T'we 


which is also a bilinear transformation. 
Theorem 7.2.2 
Any bilinear transformation can be expressed as a product of 


translation, rotation, magnification or contraction and inversion. 


Proof. 
az tb 
Let w= ——— wheread-bc£0 ....... (1) 
cz+d | 


be the given bilinear transformation. 
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Casei. c= 0. 
Hence d + 0 (since ad — bc #0), 


az b 





(1) => w= 


= (a/d)z + (b/d). 
Now, letiTy) = (a/d)z and T(z) =z + (b/d). 
Tı and T» are elementary transformations and 
(T2 o Ty (2) = T[(a/d)z] = (a/d)z + (b/d) 
= T(z). 
Case ii. c £0. 


. az*b 
cz+d 


_ alz+(d/c)]+b-(ad/c) 
c[z+(d/c)] 


4. - (ad/c) 
cztd — 


|! 


a 
C 


Now, let 7,(z) = cz + d 


T>(2) = [/z. 
(b — ji 
T;(z) = cJ 


I4(z) = z + (a/c) 
Then TEZ) = (T0 T30 Too Tp). 


Hence the theorem. 
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Corollary 7.2.3 
Under a bilinear transformation, the family of circles and lines are 
transformed into the family of circles and lines. 
Proof. 

Under each of the elementary transformations, the family of circles 
and straight lines are transformed into the family of circles and lines. 
Hence the result follows. 


Solved Problems 


Problem 7.2.4 





* 5 um Z Lj s 
Show that the transformation w = PEE maps the unit circle |z| = 7 
2 — 


: -1 
into a circle of radius unity and centre ES 





Solution. 
5—4z 
w= 4z = 2 


< dwz—2w = 5— 4z. 
(dw + d)z = 5 + 2w. 


5+2w 
 4w4+4 ` 





eZ 


Now, |z| = / —2z = |. 


gms 
=> ——— | = J 
4w+4) 4w+4 l 
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| 
| 


Space for Hints 


=> 25--4ww-10w4 Uw-z16ww-16--16(w- w) 
—12ww--6w--6w-9-0 | | 
—~ |= |} 3 
=> ww+=wt+—w—-—=0. 
2 2 4 


— | 


This represents the equation of the circle with centre 
| i and radius 


ie 
— +=], 
4 4 


Hence the result. 
Problem 7.2.5 


, Az t3 
Show that the transformation w — zd 





maps the circle ZZ —2(z * z) = 


0 into a straight line given by 2(W-- Ww), 3-240 
Solution. 


Az +3 
geg“ 


^ W(z— 4) = 2z + 3. 
" z(w—2)-3-4w. 


34 4w 
e Z= | 





w-2 
The image of the circle 22—2Z+Z) = 0 iş 


eee E 3+4w 3+4w -0 
w-2 w-2 | w-2 w-2 (7 
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On simplification, we get (W+ W) + 3 = 9 which is obviously a straight 
line. 


Problem 7.2.6 


z=] 
Show that w= 777 
—À +1 maps the imaginary axis in the z-plane onto the 


circie [w| = J, What portion of the z-plane corresponds to the interior of 


the circle |w| = J, 


Solution. 
ni z -1 z-1 
w]-] tl sime z+] 


iz- 1| - iz * 7 


€» lx t iy—- 1|  Iixtiy- 1| 
T 
K-D ty - (x0 vy 


x = 0. 


z-1 


LEP 


Hence the transformation w = 4 +1 maps the imaginary axis x = 0 onto 
X the unit circle |w| =/ 
Also since the point z = / is mapped to w = 0 jit follows that the half 
` plane x > 0 is mapped onto the interior of the circle i =], 
Exercises 7.2.7 
l. Express each of the following bilinear transformations as a 


product of elementary transformations. 
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O w= 


(ii) |- 3z+2i 
i " iz+6 
(iii) 007 | ] 4i -3z 
WS 
Tur E cds 


* 
if 
i. 


2. Prove that the set of all bilinear transformations forms a group 
under composition of mappings. 
i —iz 


3. Show that the transformation w = —— o 
I+Z maps the unit circle |z| = 


| / into the real axis ofthc © «ane. 
7.3 CROSS RATIO - 


Definition 7.3.1 - 
Let zj, z2, Z3, 24 be four distinct points in the extended complex plane. 


The cross ratio of these four points denoted by (2), 22, 23, Z4) is denoted by 
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(2,222524) = 


(2 7 23 (2; —Z,) 
(2, = 24 (2. — zi) 


2| 724 
Z, =Z 
$3 7 44 
«c. 
Z,-Z, 
2,72, 
2) 7 Z4 
Z2 7423 


Theorem 7.3.2 


Any bilinear transformation preserves cross ratio. 


Proof. 


Let w = 


ZI, Z} Z3, Z4 be four distinct points. Let their images under this 
transformation be w;, w2, ws, w, respectively. ~ 
We assume that all the z; and w; are different from oo. 


We claim that (2), Z2, 23, z4) = (Wy, w2, ws, W4) 


We have w; = 





az, +b 


i 


+d 


"i 


if z,isoo 


if z iso 


if z, isc 


if z, isco 


a E *3* bd 
"T ad — bc + 0 be the given bilinear transformation. Let 
Z 


(i7 12,3,4 ). 
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if none of z,,z,,2,,Z, ÍS 





az, +b az,+6 


Now, w; — Ww; = 
cz, td cz,+d 


= (ad -bez -23) p, zy (say) 
(cz, + d)(cz, +d) 
Similarly, w? — w4 = k»(2? — Z4). 
^ (w1 —w3)( w2- wj) = kiki — 23)(22 — 24). 
= k(z, — z3)(22 — 24). 
Similarly, we can prove that 
(w,— w4)( w2 — ws) = RZ) — 24)(22 — 23). 


‘ (w, - ww, —W,) m (z; —2,V7, — Z4) 
(w-w,)w,-w,) (z-z'. =z) 


The proof is similar if one of the z; or w; is oo. 

Note 7.3.3 

Four distinct points z;, z2, z5, z; are collinear or concyclic iff (z;, z2, Z3, 24) 
is real. 

Further any bilinear transformation preserves cross ratio. Hence it 
follows that the family of circles and straight lines are mapped into the 
family of circles and straight lines. 

Note 7.3.4 
The bilinear transformation which maps the three points z;, zz, z; to three 
points w;, w2, w3 is given by 
(Z, 21, 22, 23) = (Wwwiw» wy. 
Solved Problems 
Problem 7.3.5 
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Find the bilinear transformation which maps the points z; = 2, z2 = i, Z3 Space for Hints 


= -2, onto w; = 1, w2 = i, w3 = -1 respectively. 
Solution. 
Let the image of any point z under the required transformation be w. 
The required bilinear transformation is given by equation 
(w, 1, i, -1) = (z, 2, i, -2) 


(w — i)(1 4 1) - (z - i22) 
(w+D0-i) (z-2)2-1i) 


. 2(w-i) 42-1 
"(w«Dü-i) (z4*2)2-i) 


(w-i | 2z-2) 
» w—-iw-ctl-i 2z-iz+4-2i 


--Iwz + 6w-—-3z2—-2i-0. 
--w(iz + 6) = 3z + 2i. 


3z+2i 
^ 46 





This is the required bilinear transformation. 
Problem 7.3.6 

Find the bilinear transformation which maps the points z = -/, 7,oo 
respectively on w = -i, -1, i. 

Solution. 

Let the image of any point z under the required bilinear transformation be 
w. Since bilinear transformation preserves cross ratio, we have, 


(z, -1,1, 0) = (w,-i,-1, i, ). 
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i 


"-1-1 (w-iDCi-1) 


=> (z-l)(w-iw-i-1) = 4iw+4 
=> w(z-1-i(z-1)-4i) = 4i+ (i+ I)(z-I) 


(i -D)z *3i -1 


(1-Dz —3i-1 which is the required bilinear transformation. 


— y= 


Problem 7.3.7 
Determine the bilinear transformation which maps 0, 7, oo into i, -, -i 
respectively. Under this transformatioti show that the interior of the unit 
circle of the z -plane maps onto the half plane left to the v axis (left halt 
of the w-plane). 
Solution. 
The required bilineartransformation is given by the equation 
(w, i, -1, -i) = (z, 0, I, o). 


| (wy i) = (z-1) 
"(w-D-1) (0-D 


.. 2i(w4]) " 
|" iw-w-l-i 


^ 2iw + 2i = jw + w- ] + i- iwz- wz +z- iz. 
^ w(i-i-l1-ciztz)-z-iz-2i-lti. 
^w[(i-— 1) + (i+ I)z] 2 z(1—i) - (1 + i). 


... zü-i)-(4) 
"W= f04D-(-i) 
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z-i 
-. The required bilinear transformation is w = 





zi 


The equations of the left half of the w-plane and the interior of the unit 


circle in the z-plane are Re w < 0 and | z | < J respectively. Now, 


Rew«0 


c 


c 


c 


Re (=) <0 

Zl 

(z - iz +i) 
"| Iz*il E 
Re (z-iXz-i) «0 


Re (zz-i(z+z)-l <9 


Re (zz) -1« 0 (© Kz-z) is imaginary) 


Iz|^ «1 


Iz| «LH 


^. The left half plane is mapped into the interior of the unit circle. 


Problem 7.3.8 
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Space for Hints 


Space for Hints Find the bilinear transformation which maps -1, 0, 1 of the z-plane onto - 


1, -i, 1 of the w-plane. Show that under this transformation, the upper 
half of the z-plane maps onto the interior of the unit circle | w | = 1. 
Solution. 

The required bilinear transformation is given by the equation 

(w, -1, -i, 1) = (2, -1, 0, I). 


= (w«iy-1-1) (z-0)y-1-1) 
7" (w-D(C-14i (z-1(-1-0) 


-2(w*i)  -2z 
(9 Gw—NG-) -2- 





^ (1—2z)(w * i) ? z(w —- D)(i - I). 
(Le) wt+i=iwz+ z. 


(ie) w(1—iz) =z-1. 


z-i  i(z-i) TES 


WY“ izi i-i) \z+i 





. aa TE" eet 
-. The required bilinear transformation is w = (=) 
z+i 


The equations of the upper half of the w-plane and the interior of the unit 


circle in the z-plane are given by /m w. 0 and |z| < 7 respectively. 





Now, Imw> 0 © m (225) > 0 
z+i 


z-i 

e (iz!) <o 
Z FI 

c a oe 


Hence the upper half plane is mapped into the interior of the unit circle. 
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Exercises. 


1. Find the bilinear transformation which maps 2), 22, 23 fo wW), W2, W3 


respectively where 
(a) 2] = 2, 2) =i, z; = +2; w= 1, w2 =i, w3 = el. 
(b) 2, = -i, Z2 = 0, 23 =i; w; = -d, W2=1, Ws 7 l. 
(c) 2; = œ, 22 = i, 23 = 0; w; = 0, w2 = i, W3 = œ. 


(d 2, = 1, z2 = -i, z3 = 0; w; = 0, w2 = 2, W3 = ṣi. 
2. Find the bilinear transformation which maps the points z;, Z2, Z3 into 
the points w; = 0, w; = 1 and w3 = œ. 
3. Find a bilinear transformation which maps the vertices Z+ i, -i, 2 — i, 
of a triangle of the z-plane into the points 0, /, i of the w-plane. 


x2 — 0-2 p 


Answers: 1. (a) iz+6 Jb) z4l | (c) zo 


J= 2(z -1) | 
(d) l+iz—2 





— 
Loud 


| (z- zz; —2,) 


w= ‘ 
2. (z —Z;)(Z, —2Z,) 


- z—(2+2i) 
3. (i-Nz(3+5i) 
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Space for Hints 


Space for Hints 


7.4 FIXED POINTS OF BILINEAR 
TRANSFORMATIONS 
Definition 7.4.1 
If w = fz) is any transformation from the z-plane to w-plane, the 
fixed points of the transformation are the solutions of the equation z — 
fe) 
Consider a bilinear transformation given by 


az+b 
w= CZtd where ad — bc # 0. 





The fixed points or invariant points of the bilinear transformation are 


az tb 





given by the roots of the equation z = CZ+d , 
(i.e) cz? + (d-a)z—b = 0. 
Case(i) c £0. 


In this case the fixed points are given by 


(a-d) t J[(d — a)? 4 4bc 


z= | 2c 


When (d — a)’ + 4bc #0, the given bilinear transformation has two 


- finite fixed points and when (d — a)? + 4bc = 0 it has only one finite 


- fixed point. 


Case(ii) c=0. 


| a b 
l e "TS ETT 7 IF + " 
In this case, the bilinear transformation becomes w = f l d. 
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Clearly œ is one fixed point. 


a b 
— |Z 4+ — 
Other fixed point is determined by the equation z = G d. 


(i.e) (d — a)z — b = 0. 





b 
- If d— aZ 0 ,we get a finite fixed point n 


Thus we have 

Case (i) c Z 0; (d — a)  4bc 40 = 2 finite fixed points. 
Case (ii) c 40; (d— a)? + 4bc = 0 = one finite fixed point. 
Case (iii) c = 0; a zd = œ and one finite fixed point. 

Case (iv) c = 0; a = d => o is the only fixed point. 
Theorem 7.4.2 


Any bilinear transformation having two finite fixed points a and f 





w—aoa z—a 
can be written in the form w-B =k 


B \2z-B 
Proof. 
Let T be the given bilinear transformation having a and f as fixed 
points. Let the image of any point y under T be ô. 
Then the bilinear transformation T is given by (w, ô, a, B) = (, y, a, 
p. 


.(w-ayó - B). (z-aXy - B) 
(w-Byó-a) (z-BYXv-a) 





m (e dude Sore 
(y -ayó — B): v». t o (1) 


Definition 7.4.3 
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| Space for Hints 


Space for Hints 


Le: T be a bilinear transformation with two finite fixed points a, D. If 
k given by (1) is real T is called Ayperbolic and if |k| = J, T is called 
elliptic. 
Theorem 7.4.4 

Any bilinear transformation having oo and a # © as fixed points can 
be written in.the form w — a = k(z — a). 
Proof. 

Let T be the given bilinear transformation having oo and a as fixed 


points. Let the image of any point y under T be 6. 


Then the bilinear transformation is given by W, Ô, a, oo) = (Z, y, a, œ). 








O-a 
-Q` 





^w-—-a-k(z-a) where k= 


Definition 7.4.5 

A bilinear transformation with only one finite fixed point is called 
parabolic. 
Theorem 7.4.6 

Any bilinear transformation having © as the only fixed point is a 
translation. 


Proof. 





az+b 
Let w = lal be the bilinear transformation having oo as the 


only fixed point. 
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Then c = 0 and a = d. 


az +b 





'. The bilinear transformation reduces to the form w = 


b 
S wezt (=) which is a translation. 
a 


Theorem 7.4.7 

Let C be a circle or a straight line and z;, z2 be inverse points or 
reflection points with respect to C. Let w,, w2 and C, be the images 
of z;, zzand C under a bilinear transformation. Then w; and w2 are 
inverse points or reflection points with respect to C7. 


(i.e) A bilinear transformation preserves inverse points. 


Proof. 


Let the equation of C be PZZ * az * qz * B=0. .....(1) 
Result: z; and zz are inverse points with respect to the circle z z 


aztaz*f -0iffziz2 =az+ oz2*f =0. 


Since z; and z» are inverse points w.r.t. C by the above result, we have 





pz,Z,+az,+az,+B =0. ...() 
u : az+b 
Let the given bilinear transformation be w = " where. ad — bc £ 0. 
dw —b 
| -ewt+a’ 


-. Under the given bilinear transformation (1) is transformed into 
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Space for Hints 


space for Hints 


: dw-b | dw-b | _ | dw-EP +a dw — b [+8 -o 
—-—ewtaj-cw-a -cw+a —cwta 


Also (2) is transformed into 


qt | + E d + E +8 =0 | 
mo 
Clearly (4) is the condition for w; and w 2 to be inverse points with 
respect to (3). Hence the theorem. 
Solved Problems 


Problem 7.4.8 


Find the invariant points of the transformations 








l+z | 
nw est mre 
J 


Solution. 
fa) The invariant points of w = f(z) are got from f(z) = z. 


l+z 
l-z 





PUE SE > z= 


—zg-iij 
+ i and —i are the two fixed points of the transformation. 


l 
(b) f(z) =z zd is z—2i 
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> z-2i-l1-^-0. 
TS 
=> (z—i) =0. 
Hence i is the (only) fixed point. 


Problem 7.4.9 


Prove that the transformation w = 2 is not a bilinear transformation. 
Solution. 


Any bilinear transformation, other than the identity transformation 


has two fixed points. However the transformation w — Z has 
infinitely many fixed points, namely all real numbers. Hence it is not 
a bilinear transformation. 


Note 7.4.10 


The above result can also be established by showing the w — Z does 


not preserve cross ratio. 


Exercises 7.4.11 


]. Prove that a bilinear transformation having origin as the fixed 


Z 





point can be written in the form w = €2 td 


2. Prove that a bilinear transformation having 0 and œ as fixed point 


is of the form w - az. 


T] 


Space for Hints 


Space for Hints - 









3. Find the fixed points and normal form of ihe following bilinear 
transformations. Also determine whether they are elliptic, 


hyperbolic or parabolic. 


(i)w=z+ 3 (ii) w = 22 + 3. 
" =] 
ili) w=——— 
(ui) w= £1 
(iv) w = 62 — 9z 








bus Zz (vis = 32-4 


2-2 |. £Z-1 


.W-I i-lz-i .. . 
| +1; — = —~ .— ielliptic 
Answers:3.(i)o (ji)oo (iii)  w=+i i+1 z+i (iv)3;parabolic 


.—  ihyperbolic 2 
Ze (v1)2; parabolic 


7.5 SOME SPECIAL BILINEAR TRANSF ORMATION S 


In this section, we shall determine the general form of the transformations 
| which map 

G) the real axis onto itself. 

(ii) the unit circle onto itself. 

(iii) the real axis onto the unit circle. | 

| Theorem fdl 


az +b 
mE _ we 
A bilinear transformation Cz t d 





where ad — bc XE 0 maps the 


real axis into itself if and only if a,b,c,d are real. | 
Further this transformation maps the upper half plane Zm z > 0 
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into the upper half plane 
Im w 2 0 if and only if ad — bc > 0. 
Proof. 


Suppose a, b, c, d are real. 


Then obviously, z is real w is also real. 

Therefore the real axis is mapped into itself. 

Conversely consider any bilinear transformation T that maps the 
real axis into itself. 


Therefore there exists real numbers x;, x2 , xs such that 


T(x) = 1, T(x») = 0 and T(x3) = oo 
Therefore bilinear transformation T is given by 
(Z, Xi,X2,X3) = (w,1,0,00) 


, =x) w-0 


= ——— = W, 
(2—x3;)(x%,-x,) 1-0 
az + b 
p em W 
cz+d where a = x; —xs; b = - x2 (x; — x3) ,C --X]I- X3 


and d = -x3(x)-x2). 
Since x;,x2,x3 are real, a,b,c are also real. 


Now, 
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| 


Space for Hints | 


Space for Hints zs dcn az +b 
2i Im w = w- w = ——— — = 


ez+d czt+d 
_ (ad ~be)(z—-z ) 
E lez - d | 


= 2i ERI 
lez - d | 
_ (ad — bc) 


;Imz 
| cz - d | 


Im w 


Therefore, the upper half plane Zm z > 0 is mapped onto the upper 
half plane Im w z 0 «. bc > 0. 
Theorem 7.5.2 


Any bilinear transformation which maps the unit circle |z| = 7 into 





Z-a 
the unit circle |w| =/ can be written in the form w = (2 2 z) 


where 4 is real. 
Further this transformation maps the circular disc |z| < / onto the 
circular disc |w| < J iff |a| < 1. 


Proof. 
az tb - 

Let w=——— where ad — bc + 0 be any bilinear 
Cz -- d 


transformation which maps |z| = J onto |w| = J. 
0 and © are inverse points with respect to the circle lw] = J. 
Hence their pre-images —(b/a) and —(d/c) are inverse points with 


respect to |z| = /. 
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Result: z; and z; are inverse points with respect to the circle z Space for Hints 


zt+aztaz+P -0iffzz2-oz*az2*f-0. 
Therefore (-b/a)( d /c) = | ( using above result) 


Therefore if a = -(b/a) , then // a=-de. 


B Qz 4b 
cz Td 


ARUM 
(Es) 


Now, let |z| 77. Hence jw| = 1. 


Therefore Ww 


















































aall z—«a« f — 
Therefore 1 = |w| = |——1.— = (sin ce zz =1) 
€ laz-—zz 
_|aa|zZ- a 
Cia-z 
aad 
C 
ac 
Thus |—— = 1 
C 
a a 
C 
for some real number À. 
ws IÀ £ -Q 
Qz-1 


where À is real 
Now, lee (EE e LAE NET 
az —] az-1 
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Space for Hints 


-EDEA , 
(az —1)(az—1) 
_ 0 - aayzz -D 
E laz-1l 
<. The transformation maps |z| < | onto w| < 1 

&l-aa>0 
e aa«l 
elie«ixc«t. 


Theorem 7.5.3 


Any bilinear transformation which maps the real axis onto unit circle |w| 
IÀ í P (4 
e ——— 
Z—uo 
— ] can be written in the form w where À is real. 
Further this transformation ruu, © uie upper half plane Jm z = 0 onto the 


unit circular disc |w| < 1 iff Im a > 0. 


Proof. 
az+b 


cZ+d where ad — bc Z 0 be any bilinear transformation which 


maps real axis onto the unit circle |w| =. 

0 and œ are inverse points with respect to the unit circle |w| = J. 
Hence their pre-images —(b/a) and —(d/c) are reflection points with 
respect to the real axis. 


» If «- i2) , then a--(| 
a C 


az+b 
w= 
cz+d 


B8 z+(b/a) 
= \cj} z+(d/c) 


DUET 


Now, suppose z is real. Hence |w] = J. 








Now, 





|z-a| 


+t è 








Now, since z is real z= Z and hence 
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iz-a|-|2z-o|-|z-a|-|z-€| 


. [8 a ; : 
-|-| = 1. Hence — =e” where 2 is real. 
C C 





i Zz —UG : ° | : | . 
=e i z) , where À is real, is the required transformation. 
Q | 
mm : Zee =j Zz =Q 
Now, ww-1=e"{ 2-2). E —-——- i-i 
Z-a z-a 
(2) z-a i 
=\z-a)\z-a 


—4Imz Img 








z-a 


** The bilinear transformation maps the upper half plane /m z > 0 onto 
the disc |w| € / iff Im a » 0. | 


Solved Problems 


Problem 7.5.4 


Find the general bilinear transformation which maps the unit circle |z|=/ 


onto |w] = / and the points z =/ to w = I and z = -/ tow = -1. 
Solution. 


We know any bilinear transformation which maps |z| = lonto |w] = 


| alme l 
lis of the form w = e (4 - where À is real. 
| QZ — | 





Since ] and -1 are again mapped to 1, -1 respectively, we have 








all-a 
i= enfe) ore 
P (1) 
| 4[ -1-« al l+a@ 
i-e = ) -en(a "E 
-Q ~] l+ g (2) 
Dividing (1) by (2) we get =(=) Ira 
ividing y we get, - Ei qne 
~a-aatl+e = l+a-a-aa. 
—2a+2a =0. | mE 
ea | oo orem (3) 
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|| Space for Hints | 


Space for Hints 


Using (3) in (1) ,we get, 1 -e". 


Hence e^- 1. 





| The required IS 
Problem 7.5.5 | E J 
awz—-bw—bz+a=0 


Prove that the transformation given by maps the 
unit circle |z| =/ onto transformation the unit circle |w| = 7 if |b] £ |a]. 


Solution. 
awz -bw-bz*a-0. _ 


bz—a 


az — b. 


(z aze) 

ww-l- Se — | 
az—b \ az—b 

- Gz -Y5f - jap) 
laz—b |? 


If | b|4 al then ww-120 €» zz-1=0 








Therefore the unit circle |z| = / is mapped onto the unit circle |w| —7 if 


bl # lal . 
Problem 7.5.6 


| Show that the bilinear transformation which maps the unit circle |z| 77 


onto the unit circle |w| = / can be put in the form 


bz + 
Further this transformation maps the circular disc lz x1 onto the circular 
disc : 
|w| <I iff |a|»|b]. 
Also if the point z z = I is the only invariant point, show that the transform 


az+b 
=e (gte where À is real. 
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|. 


l satugi Rcg 
c Al z Where = 





ation may written as 


o 


Solution. 


We know that any bilinear transformation which maps |z| = Z onto |w|= / 





i| 47 € . 
can be written in the form — w- e^ (i ] where u is real and this 
qz -— 


maps |z| €/ onto [w| X1 iff |a| < 1. 
Now , choose a =] and b --a. 


(z-—a 
swee(2 
Qz-1 


-erf az + b J=- (Z) 
-bz -a Voz +a 


=e Ed here e^ =e" and A is real.............. (1) 
\oz+a 








Further la| € 1 |-5| < a (since a = 1) 
€? [5| «ial. | 

The transformation (1) maps |z| < Z onto |w| «1 iff |a| > [b]. 
Now, suppose z = 1 is the only fixed point of (1). 

| i +b 
Therefore z=/ is the only root of the equation 2 =e i E] 

| \dz+a 
(ie) bz? - (a - ae^)z - be" = b(z - b^ 

Equation the corresponding coefficients, we get, 


a—ae^ 2-2b. eee (2) 

be^ = —b RN (3) 

(2) can be written as a+b=-b+ae” ees (4) 
U sin g (3) we get a — be^ = ae" "e (5) 
Now, 





w-1 -e(zt =l 
bz+a 


B e"az + be^ -bz-a 
bz+a 
_ (ae? —b)z + (be" —a) 


bz+a 
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Space for Hints 





l. 


Show that the bilinear transformation w = Í 














_(ae!* - Be (abe) (z-1Xae"^ -5) — (, ing 5) 
| bz+a bz+a | | 
_@~Wlae* -B — G- ab) (vin g 4) 
b+a+(z-Db — (a+b)+(z—1)b 
l .(a*b)*t(z-Db 1 , b 
= w-l  (z-D(a*b)  z-l a+b 
= CE ! gb where k =1+ LM 
-l 1i-(a/b) z-1 k | b 


" 7.5.7 


Prove that any bilinear — which maps the imaginary 
axis onto the unit circle jw|= =] can be written in the form 


w — e^ E J 
7 *4/,. Further this transformation maps the upper 
half plane Re z > 0 onto the unit circular disc |w|</ iff Re a > 0. 


l+z 





| 7 E maps the 
region |z| € / onto the half plane Re w > 0. | 
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UNIT 8 


8.1 CAUCHY’S FUNDAMENTAL THEOREM 

In this section, we prove the fundamental theorem of integration 
known as Cauchy’s theorem which forms the basis for the theory of 
complex integration. 


Definition 8.1.1 . 
Let p(x,y) and q(x,y) be two real valued functions. Then the differential 
equation p(x,y) dx + q(x,y) dy = 0 is said to be exact if there exists a 
function u(x,y) such that = =p and ld = q. 

Ox Oy 


We assume the following theorem without proof. 


Theorem 8.1.2 
I pdx + qdy depends only on the end points of C if and only if the 
J 


integrand is exact. 
Remark 8.1.3 


The above theorem is true if p and q are complex valued functions as 
well. 


We now apply the above theorem for complex functions to get a 
characterisation for f f(z)dz to depend only on end points of C. 
: 


Theorem 8.1.4 

Let f(z) be a continuous complex valued function defined on a region D. 

Then | f(z)dz depends only on the end points of C if and only if there 
C 


exists an analytic function F(z) such that F(z) = f(z) in D. 
Proof. 


| Fedde = [f(zYdx + idy) (since z = x+iy) 
= | f(x + if (z)dy 
J 


| f(z)dz depends only on the end points of C if and only if there exists a 
: 


function F(z) defined on D such that = = f(z) and E = if (z). 
x 


Therefore, = = IE so that = - -j il which is the complex form of 
Ox i Oy Ox Oy 


the Cauchy-Riemann equation for F(z). 
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Space for Hints 


Since f(z) is continuous, the partial derivatives of F(z) are also continuous 
| and hence F(z) is analytic in D, F'(z) = f(z). Hence the theorem. 
Corollary 8.1.5 | 
Let f(z) be a continuous complex valued function defined on a region D, 


then | f (z)dz =0 for every closed curve C lying in D iff there exists an 
J | 


analytic function F(z) such that F'(z) = f(z) in D. 
Corollary 8.1.6 | | 
IKG - a)" dz = 0 for every closed curve C provided n 2 0. 
J 


n+] 
Proof. Let F(z) = g-a)" 
n+l 


Clearly F'(z) = (z — a)" 
= f(z). | 
'. By corollary 8.1.5, [foa —0. Hence fe - a)" dz 7 Ofor ll n z 0. 
C C 


Lemma 8.1.7 
Let C be a simple closed curve. Let D denote the closed region 
consisting of all points interior to C together with the points on C. Let f 
be a function analytic in D. Then given e > 0 ,it is possible to cover D 
with a finite number of squares and partial squares whose boundaries are 
denoted by C; such that there exist points zj lying inside or on each C; 
satisfying 
/ (z) 7 f (2,) 
zz 
For all points z distinct from each z; and lying inside or on C}. 


- f'(z) cg (j = l2,..., n) ——— (1) 


Proof. 

| We subdivide the region D into squares and partial squares by 
drawing equally spaced lines parallel to the coordinate axes (refer figure). 
(A square is a closed region consisting of all points on and interior to it. 
If a particular square contains points which are not in D, we remove those 
points and call what remains a partial square. In this figure o is a square 
and o! is a partial square). This gives a finite number of squares and 
partial squares which cover the region D. | 


—————L—ÉL LII | 
ZAIILLTIPLPTDR 


= TS 
HHS 
J 


NITE EE LETT TT 
ne | | 
NI ELT TT ict 
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Suppose the Lemma is false. Then in the covering constructed as above, 
there exists a subregion with boundary C;such that no ) point 2; exists 
satisfying (1). 


Let oo denote that subregion if it is a square. If it is a a partial square let Go 
denote the entire square of which it is a part. 

We now subdivide oo into four smaller sodas by drawing line segments 
joining the mid points of the opposite sides. At least one of the four 
smaller squares say 6, is such that c; contains points of D and no point z; 
satisfying (1) exists. 


— this process, we obtain a nested infinite sequence of squares 
Oi 02,0 On ative such that for each o, ,no z; satisfying (1) exists. 


Now there exists a point Zo common to each 6, such that for any 6 > 0 the 
neighbourhood |z — z0| < 6 contains all the squares o; for all sufficiently 
large values of n. 


Hence every neighbourhood of zo contains points of D distinct from zo. 
Hence zois a limit point of D. Since D is closed Zp € D. 
Since f(z) is analytic at zo there exists 6 > 0 such that 


FAC FAC _ gy) EE ae (2) 
4 4g 

Choose N such that the square oy is contained in the neighbourhood 

IZ — zo| < ò. 

Then for every point z in oy (2) holds. 

Therefore Z serves as the point Zj stated in the lemma. This i Isa 

contradiction since there is no z; in on satisfying (1). | 


Iz — zo| < à» 


This contradiction proves the lemma. 


Theorem 8.1.8 (Cauchy's Theorem) | | 
Let f be a function which is analytic at all points inside and on 
a simple closed curve C. Then | f (z)dz 0. | 


Proof. Let D be the closed region consisting of all points interior to C 
together with the points on C. 

Let £ > 0 be given. | 

Let C; G = 1, 2, ...., n) denote the boundaries of the squares and partial 
squares covering D such that there exists a point zj lying inside or on C; 
satisfying 
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Space for Hints 


| Space for Hints | 


I (z)- f(,) 


2-2 





-f(z)s8e  .-- (1) 
J 
for all z distinct from z, and lying within or on C;. 
f - f(z,) 
Let 6,(z) = Z~Z, 
0 jfz-z, 


-f'(G,) if Z#Z, 


Clearly 0,(z) is a continuous function and 
HZ) = f(z) —z, f (z) + zf'(z) + (2 — 2,)0,(2). 


es | faz = | fe, d- |z, f" (z,)dz [2f de + | (2-2,)6, (2022 


C, 


= f(z,)|de-z,f'(z,) [det f'(z,) | zdz | (-2,)5, 6) 


= | (2-2,)5, Cd (sin ce poor | zdz = 0) 
C, C 


nM Í f@da=> I (z-z)0,(2dz ^... (2) 


JAC, j=l e 


Now, in the sum Y I f (z)dz the integrals along the common boundary 
J=1C ; 

of every pair of adjacent subregions cancel each other. (since the integral 

Is taken in one direction along that line segment in one subregion and in 

the opposite direction in the other) (refer figure) 
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Hence only the integrals along the arcs which are the parts of C remain. Space for Hints 


Y [faz = J f(2)dz 


lc 


-. From (2), | f(z)dz = Y [(z-2,)6,(24z. 


j=l C, 


< Y fiG-z06,01 d 


le, 


- X fie-z,) 16, la 


j=l C, 


«Y G-z6Gld 2 (3) 


JAC 


x (z - z,)ó, (z)az 

















Now if C, is a square and s, is the length of its side, then |z — z| < J2 s, for 
all z on C, 


Also from (1), we have |6,(z)| < & and hence 
I z-z, |ô, (z)|dz <( /2 s,é)(4s,) (By Theorem 
C, 


[roa < MI where M = max{|/(z)|:z e C}) 





-4J42A& a (4) = 
where A, is the area of the square C). 


Similarly for a partial square with boundary C, if J, is the length of the arc 
of C which forms a part of C,, We have 


[lz-z, | 5, (z) | dz < V2s,6(4s, +1,) 


«442 Aje + J2 S meds (5) 
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Space for Hints- 





Where S is the length of a side of some square containing the entire 
region D as well as all the squares originally used in coverin g D. 


We observe that the sum of all A's that occur in the right hand side of (4) 
and (5) do not exceed S^ and the sum of all the //'s is equal to L(the length 


of C). 
Using (4) and (5) in (3), we obtain 


| F(2)az| < (4428? + J28L)e 
=ke where k = 4V2 s + V2 sr is a constant. 


| Fae] ¢ ke. 
Thus j 


Í f(z)dz =0,since € is arbitrary . 
RE 


Note 8.1.9 mE 

Cauchy's theorem was first proved by using Green's theorem with the 
additional hypothesis that fz) is continuous. Later , Goursat proved the 
theorem without the hypothesis that f/(z) is continuous. For this reason 
the theorem is sometimes known as Cauchy-Goursat theorem. 






Definition 8.1.10 
A region D is said to be simply connected if every simple closed 
curve lying in D encloses only points of D. | 





For example, the interior of a simple closed curve is a simply connected 
region. The annular region enclosed by two concentric circles is not 
simply connected. _ | 

A region which is not a simply connected is said to be a multiply 
connected region. 
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Space for Hints 





Intutively a simply connected region is one which does not have any 
holes in it. 


We observe that Cauchy's theorem can be restated as follows. 


Theorem 8.1.11 (Cauchy's Theorem for Simply Connected Regions) 


Let f be a function which is analytic in a simply connected region D. 
Let C be any simple closed curve lying within D. Then f f(z)dz —0. | 
r, 


We now extend Cauchy's theorem to certain types of multiply connected 
regions. 


Theorem 8.1.11 (Cauchy's Theorem for Multiply Connected 
Regions) 


Let C be a simple closed curve. Let C, (j = 1, 2,......,n) be a finite 
number of simple closed curves lying in the interior of C such that the 
interiors of C/'s are disjoint. Let D be the closed region consisting of all 
points within and on C except the points interior to each C,. Let B denote 
the entire oriented boundary of D consisting of C and all the C, described 
in a direction such that the points of D are to the left of B. Let f bea 
function which is analytic in D. Then f f(z)dz =0. 

; B 
Proof. 
Let L; be a polygonal path joining a point of C to a point C;; Loa 
polygonal path joining a point of C, to a point of C2; ......; L;a polygonal 
path joining a point of C,.; to a point of C, and L,.,; a polygonal path 
joining a oint of C, to a point of C such that no two Z,'s cross each other 
(refer figure). 


Cy A REE RP 
nn nre 
Care BG Ges 
Ts ae 
eS SUN OS K 
NP 
: PEN] 


E 
dL 
fee NX 


xOSUW e 


MAC M 


ARM 





| Space for Hints 


This divides the region D into two simply connected regions D, and Do. 
Let B, and B; denote the boundaries of D, amd D> respectively. 


By Cauchy's theorem for simply connected region, 
J f (z)dz -0 and J f(z)dz-0 


Also. J fade "Jo f(2)dz 


Since the jaiai along L taken twice in the opposite directions and 
cancel each other. 


^ [fas = 0. 


We observe that B = C- C,— C,- ...... - C, and hence the above 
theorem can also be written in the form 


| (22 - | f@dz+ | f@dz+......4 [/ az 
C C C, Cy 


In particular if C is a simple closed curve and C» is another simple closed 
curve lying in the interior of C and f is analytic in the region D consisting 


of all points inside and on C excluding the points interior to Co then, 


J f(@)dz = [fa 


Cy 


8.2 CAUCHY’S INTEGRAL FORMULA 


In this section we establish another fundamental result known as 
Cauchy's integral formula usin g Cauchy’s theorem. 
Theorem 8.2.1 
Let f(z) be a function which is analyatic inside and on a simple closed 


curve C. Let zo be any point in the interior of C. 
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Choose a circle. Co with centre zo and radius ro such that C; lies in the 
interior of C. 

J (2) 
Now, zo is the only point inside C at which the function ^' ^? is not 
analytic and hence is analytic in the region D consisting of all points 


inside and on C except the points interior to C». 


fuz [4 (z)dz 


2-2  Z-—z 
Hence ‘ 0 © 0 
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| Space for Hints | 


Space for Hints 


Z — Zg 


£o es + [LEX ae 


d 
E 
=| 


2 — Zg 


LE fes AE ue 


Z — Zo 


Q 


u Leo) ys f«»[-* 





Z 


- (292 f£ Go) ns ro ya) 


ZZ. 


fcd [(£- 7e y. Hf (Zg) 2e (1) 


Thus © ^ ^?» G eus 


fG-füe" _4 


We claim that Il 


Since f(z) is analytic inside and on C , it is continuous at zo. 


Therefore ,given e > 0, there exists 9 > 0 such that 


Iz — Z| <6 implies |/(z) —f(zo| < e 


{2 (2 Jom 


:ze Cy) 


Hence 





(By Theorem 











— 27€ 


(49 £e» a <27 
ZZ, 


Since £ is arbitrary, we have Í [LEL =0 


C. Z — Zo 
Therefore from (1), we get 
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Theorem 8.2.2 
| Let f(z) be analytic in a region D bounded by two concentric 
circles C, and C; and on the boundary. Let zg be any point in D. Then 


fie)e [I9 1f, 


amio Z-Z 2mtz-z, 


Proof. 


x 





; ) "x. 


Let L, and £2 be two disjoint line segments not passing through zo both 
joining a point of C; to a point of C; as shown in the figure. This divides 
the region D into two simply connected regions D; and D>. Let B; and B; 
denote the oriented boundary of D; and D; respectively. 

Then B; + B; = C, + C;.------------ (1) 

We assume without loss of generality that zoe D]. 

By Cauchy’s integral formula, 
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Space for Hinis 


i Space for Hints fla) 
Z 
= — || — d 
J (Za) rf | 


Also JG) 
^' 7 isanalytic in Dz and hence by Cauchy's theorem, 


Adding (2) and (3Xand using (1), we get 
f(z.) = d | LO | 
j Ai 


C,-06,N7 ^ Zo J 


Pate! a 
2mitz-z, 2mz-z, 
Example 8.2.3 
dz 
J z—3 Where C is the circle |z-2| = 5. 
Consider © 
Let f(z) = 1. 


The point z= 3 lies inside C. 


dz 
Hence by Cauchy's integral formula, J 2—3 -^2mnf(3)-2mi. 
Example 8.2.4 


Let C denote the unit circle |z| = /. 





Then [dz — [— dz - 2zie? =2zi 
c2 L. - 2-0 
Theorem 8.2.5 
Let f(z) be analytic inside and on the circle C with centre a and radius r. 
Then 
/ 
| fds 
f(a) = at 
where s is the arc length and / is the circumference of 
the circle. 


(1.e) the value of the function at the centre is equal to the mean of the 


value of the function on the circumference. 
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Proof. 


f (2 g 


f (a nat [Lo um 


By Cauchy's integral's formula , we have 


Now the equation of the circle C is given by z =a + re" where 0 x60 
2n. | 
. dz — ire" dé. 


fu zi (4 rre. J(atre )ire^dg) 


-— ET f(a ^ re'^)d0 
LE 5 


Also we have s = r@ and s varies from 0 to L. 


= 
r 


Am -= f f(a re^ )ds 


l 


= | £@)as 


0 
Hence the theorem. | 
Theorem 8.2.6 (Maximum Modulus Theorem) 

Let f(z) be continuous in a closed and bounded region D and 
analytic and nonconstant in the interior of D. Then |f(z)| attains its 
maximum value on the boundary of D and never in the interior of D. 
Proof. 7 
Since fis continuous in a closed and bounded region D, |f(z)| is bounded 
and attains its bound. 

Therefore there exists a positive real number M such that. 
Az) <M for allz « D---—— 1) 
and equality holds for at least one point z in D. Suppose that there exists 
an interior point zo € D such that m | 
(a0) | = M----------------(2) 
Choose a circle with centre zo and radius r such that the circular 


disc |z-zo| € r is contained in D. Then, we have 
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2x | | | | 
f (Z) = E f f(z, +re® )e" dO,refer proof of previous theorem 
M m. 77 vj | | 


mE Q4 22 EM | 
^ Gs fl fe *ret)ae---------) 
0 


Also from (1) and (2), we have |f(zo + r e?)| x |ffzo)| 
2m 
: fi J (2$ +re®)| dO x 2z | f(z,)| 


^L fGDI2 f Lo, 2 dO eese 
2a 


From (3) and e». we get 
1G) L— f | Fe e 


S27 | f(z.) f fl — 
2m | i] 2a 
f |f (20148 = || f(z, *re'^)| ae 


* JESE- FZ + re’) nae = 0. 
0 | 


‘Since the integrand in the above expression is continuous and non- 
negative, | | | 

we have |f(zo)| - fizo + re?)| = 0. 

(i.e) Meo = l/(zo + re) for all z in the circular disc |z —zo| Sr. 

(i. e) zal = (Z| for all z in the circular disc. 

| Therefore fz) is constant in a neighbourhood of zp 

Since f(z) is continuous, it follows that f(z) is constant throughout D 
which is a contradiction. | 

Therefore the maximuin of |/(z)| is not attained at any of the interior 
points of D. Hence the theorem. 
Solved Problems 

Problem 8.2.7 


Evaluate using — S integral formula 
1 gez^-45 
2zmiLz-3 





where C is |z| = 4. 
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Solution. 


f@) =z + 5 is analytic inside and on [z| = 4 and z = 3 lies inside it. 


Therefore by Cauchy's integral formula, 

1 pz’ +5 ; | 
—— dz = f(3)23^ 45-14. 
LRI 23 


Problem 8,2.8 








Evaluate { E dz 


c^? 7 


Solution. 


— -e| ao e a 


1 l ls l l 
Fel EFENA -D) 2\z-1 z+1/ 


[ze - Par di zdz 


ES 


f(z) = zis analytic and 1, -1 lie in the interior of C. 
Therefore by Cauchy's integral formula, 


[— -de = 2n if (I) = 27i 
2 € | 


C 


zaz 
Also | -——=2m7i f(-D--2z. 
ere LCD ú 

















zdz 1 ] 
e -—(2zi)-—(-2zi)z2z i. 
ja 2 i) j Ti)-2zi 
Problem 8.2.9 
: 7 dz - 
Evaluate C 7 T where C is positively oriented circle Iz- i| 22 
Solution. B | 
"ne NEN 
A +4 (z+2iX(z-2i) 
(1 1 | ius 
e — M— by partial fraction 
"PE 2i zt2ij T ? Á 
— 2i les inside C and by Cauchy’s integral formula, we have, 
(= ; dz = 2z ie". 
oz —2i 
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where C is the positively oriented circle |z| = 2. 


| Space for Hints | 














Also -2i lies outside C and hence ^ ids is analytic inside and on C. 
F dz=0 
| Hence " — s theorem, € iin 
= Iz de =— (27 ie” 70-76 
ee +4 
Problem 8.2.10 
: 2 2 
sin 7 z T dz 
Evaluate € . (z -B(z -2) where C is the circle |z| = 3. 


Solution. 
By partial fractions, 
] | 1 l 
(z-14z-2) z-2 zc-1. 
Let f(z) = sin x z^ + cos xz’. Then f(z) is analytic inside and on C and the 
points J and 2 lie inside C. Hence by Cauchy’s integral formula, 


cz-l 


—2m i(sin m+ cos 7) 
= -271 
Similarly, 


| JU 4-27 if (2) 
ra Saas 


= 2ni (cos 4n + sin 4x) 
=2ni 


Hence f sO g- 2mi—(-2zi)-4z i. 
c (z-D(z-2) 


Problem 8.2.11 - 
Let C denote the boundary of the square whose sides lie along the 
lines x = + 2 and y =+ 2 where C is described in the positive sense. 


Evaluate 
COSZ 
of +] ) 8 +8) 


Solution. 
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"2241 2 ] 


Cr+ — 


l 
E^ (27 i)(— > (by Cauchy s'integral formula) 


(ii) let f(z)= — 
z^ +8. 





The points where f(z) is not analytic are + i2V2 and these points lie 
outside C. Hence f(z) is analytic inside and on C. 
By Cauchy's integral formula, 


Lug | - dz = 2zi f (0) = 2zi 8 2 


C 


Problem 8.2.12 
zdz 


Evaluate 7 OG) 
positive sense. 


Solution. 


f(2)= 


> 
Let 2-z 


where C is the circle |z| = 2 taken in the 





Clearly fz) is analytic within and on C. 
By Cauchy's integral formula 


me aen 
e(9-z'yXzti) GZztl 


= 2nif(-i) 


= 2283 = — 
10) 5. 


103 


Space for Hints 


Space for Hints 








Exercises 8.2.13 
zd: 2n 
1. Prove that C^ E where C is the positively oriented circle 
|z| = 2. 
ae: 
2. Evaluate C^ + ? where C is |z — i| = 2 in the positive sense. 


ede 
3. Evaluate © z’ +l where C is the circle of radius 1 with centre at 
(i)z = i and (ii) z = -i. 
m dz 
4. Evaluate €f ~ l where C is a rectangle with vertices at (i) 2 + 
i, -2 + i and (ii) —i, 2— i, 2 +i, i. 








l pe"dz. 
——— = Sinf 
2zi 2.25 +1 
5. Show that C if t> 0 and C is the circle |z| = 3. 
d 
2 
6. Evaluate ^ ^ where C is (i) |z| = % (ii) |z| = 3/2. 


m 

2. 7. 
Answers ^ 3.(i)x(cos]+isin1) (ii)- x(cos1-isinl) 4. (i) 0 (ii) m 

6. (i) -2zi (ii) 0 


8.3 HIGHER DERIVATIVES 
In this section, we shall prove that an analytic function has derivatives 
of all orders. It follows, in particular, that the derivative of an analytic 
function is again an analytic function. 
Consider a function f(z) which is analytic in a region D. Letz « D. Let C 
be any circle with centre z such that the circle and its interior is contained 
in D. By Cauchy's integral formula, we have, 


"d 
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fa) » 1. IO) j 


zd 
We now proceed to prove that enit. (E-z) 





f(z) = Bh TAE dc. 


and in general ani 


Theorem 8.3.1 
Let f be analytic inside and ona simple closed curve C. 
Let z be any point inside C. 





, He ac. 


Fes 
Then in ro 


Proof. 
(z)= 


By Cauchy’s integral formula , we have 2zi 


=—— f T A —'— 


h h(2zi))|C-z-h £ 


1 (6) —— c 
gm (£-z-AY€ z) z — hY($ — z) 


- LL LO ó 
ipd s es 


.XfGthb-f() 1 i( FE) 22d 





Now, 
f J(6)d6 - [Ide 
c(6-z-hy(c-z) z(£-zy 
IS) f (6) 
e e d 
-jlz- -z-h(£-z) (¢- d les 





Of 
dé-5 efr c 


{of are eet id 
(¢ -z)|(¢-z- = - z) 


=f, fc 
(£ -z-a - zy 
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IS) 
anil ea) 


Space for Hints 


Space for Hints 





d f (6)d6 ZI (6 "n Iga 
"2mis(-z-h(&-h) 2x77 "zs (C —z—- hc — zy 


_ fle+h- f(z) | fod 
h 27i ©. 


h d 
=f Jag 


nn —— ing(l))  ......... 2 
uberi oaxcc C m2) 


Now, let M denote the maximum value of |f(¢)| on C. Let Z be the length 
of C and d be the shortest distance from z to any point on the curve C. 
For any point G on C we have, 
-z| >dand |\C-—z—h| zlé— zi - |h| zd - [hj 
Hence 


FE) < M 
(¢-2) (¢-z-h)| d'(d-|h] 


From (2) we get 
fGxh-foG) _ x] «pl M ) 
2m \ d'(d-|h| 














h 27i. z)’ 
" i f(e+h)-f()_ He) : 
h—0 h ari 
h~»O h "d 
— IG )de 
^f (z)= oe 
Remark 8.3.2 
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By using induction on n, we can prove that for any positive integer n, 


we have, 


IO a 
(6 -2)" 


(zy = P 
f (2) 2zi | 
Note 8.3.3 


Fhus an analytic function has derivatives of all orders and the derivate 


of an analytic function is again analytic. 





Example 8.3.3 
[Se Mm where C is the circle| z |- 1. 
z" (n — 1)! i 
Solution. 


Let f(z) = e*. Clearly f(z) is analytic and f(z) = e for all n. 


By the formula for higherderivatives, 


fif : ilie aa 2 
2 ^ (z-0) (n- D! (n —- 1)! 








Example 8.3.4 


- 2 
f Gre Á where C is the circle| z |- 1. 
J (z — 


Solution. 
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Space for Hints 





Let f(z) = sin/z. Then f(z) = 2 sin z cos z = sin 2z. 


f(z) =2 cos 2z. Also 7/6 lies inside C. 
e 2 3 
(«= E 
(z—2/6) 2! 


= mi(2 cos 1/3) 
= 71. 
Theorem 8.3.5 (Cauchy’s Inequality) 


Let f(z) be analytic inside and on the circle C with centre zg and radius r. 
Let M denote the maximum of |f(z)| on C. 


| 
Then | /"(z9| x 5M 


poc 





Proof. 


We have 
f" (z,) = n i m 


27iz(z—zQ)" 








n n'( M n!M 
a | f 2 ) < ee Jon -— 
2m Xr r 
Hence ge" (Zo ) < ES 
r 


Theorem 8.3.6 (Liouville's Theorem) 


A bounded entire function in the complex plane is constant. 


Proof. 
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Let f(z) be a bounded entire function. 
Since f(z) is bounded, there exists a real number M sich that |f(z)| < M for 
all z. 
Let zo be any complex number and r > 0 be any real number. 


By Cauchy's inequality , we have 


|f" (zc )| S s. 
r 


Taking the limit as r— oo we get, f (zo) = 0. 

Since zo is arbitrary f /(z) = 0 for all z in the complex plane. 
Therefore f(z) is a constant function. 

Theorem 8.3.7 (Fundamental Theorem of Algebra) 

Every polynomial of degree 7 1 has atleast one zero (root) in C. 
Proof. 

Let f(z) be a polynomial of degree > 1. 

Suppose f(z) has no zero in C. Then f(z) + 0 for all z. 


Further fz) is an entire function in the complex plane. 





is also an entire function. Also as z — oo, f(z) — oo. 


" fü) 


— (0 as Z — oo. 





"fG 
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is a bounded function. 





|] 
| f) 


Hence by Liouville's theorem, 





l > constant function. 
Z 


f(z) is a constant function and hence it is a polynomial of degree zero 
which is a contradiction. 

Hence f(z) has atleast one root in C. 

Hence the theorem. 


Theorem 8.3.8 (Morera's Theorem) 


If f(z) is continuous in a simply connected domain D and if 
| f(z)dz = 0 for every simple closed curve C lying in D, then f(z) is 
: 


analytic in D. 
(This theorem is the converse of Cauchy's theorem) 


Proof. 

By Corollary 8.1.5 , there exists an analytic function F(z) such that F(z) 
= f(z) in D. 

Also we know the derivative of an analytic function is an analytic 
function. | | 


Hence F'(z) is analytic in D. 
| : J) is analytic in D. 


Solved Problems 
Problem 8.3.9 


Evaluate ( — 33.7 —dz where C is the circle Iz| = 2. 


-(z-zm/ 2) 
Solution. 


Let f(z) = sinz. Hence '(z) = cos z. Also z/2 lies inside |z| = 2. 
sin Z 


Hence | ——— —— —74dz = 21i (1/2) 
^(z-m/2) 
= 2zi(coz n/2) 
= 0. 


Problem 8.3.10 
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Evaluate aoe where C is the unit circle. 


"—— 


bu EE OE osil 
[oe Ier (z4i/2) 


Let fiz) =z. Then f(z) = 32° and fz) = 6z. 


Also — 7 lies inside C. 


À lf 27i) f i 
ese y 


Problem 8.3.11 


Evaluate (Se z where C is the circle |z| = 
(z— zi 


Solution. Let f(z) = e* + z sinh z. 
Therefore f (z) = é + z coshz + sinhz 


Also zi lies inside C. 


Hence | —— = 2nif (zi). 
^ (zi 


= 2nife™ + xi cosh xi + sinh zi] 
= 2ni(-1 — xi) 


= -2ni(1+ zi). 


Problem 8.3.12 
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Show that when f is analytic within and on a simple closed curve and zo 


is not on C , 
ies pom f '(z)az = (LO. f (z)dz 
e (2-2) e(z-z a 
-- | I) ag 
Case i. Suppose Zp is in the exterior of C. Then both PES an 
"7 40 


Le) are analytic inside and on C. 
(Z-Z 

Therefore by Cauchy’s theorem, IE f (a "p f 
m Zo) (ze Z Ri 


Case ii. Zp lies in the interior . 


Then by Cauchy's integia: © anula, F f ae = 2n if ‘Zo. 
(Z-Z, 


Also by the formula for higher derivatives, | f = 2x if (zo). 
^ (Z -Zo 

f'(z)dz -224 fü 
c (2729) c(z-z D 
Problem 8.3.13 

Let the function f(z) = u(x,y) + iv(x,y) be continuous in a closed 
bounded region D and let it be analytic and not constant in the interior 
of D. Show that the function u(x,y) reaches its maximum value on the 
boundary of D and never in the interior of D. 
Solution. 
Consider the function e”. Since f(z) is continuous in a closed 
bounded region D and non constant in the interior of D, e° is also 
continuous in the closed bounded region D and analytic and non 
constant in the interior of D. 
Now, the maximum value of |e | is attained only at a boundary 
point of D. (by maximum modulus theorem ). 
Therefore Je] = et 
Therefore, maximum value e“” is attained only at a boundary point 
of D. 
Therefore, maximum value of u(x, y) is attained only at a boundary 
point of D. 
Problem 8.3.14 


Evaluate I MR where C is |z| 77. 


a(z- ril) 


Hence IO 


Solution. 
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Let f(z) = sin 2z. Since f(z) is analytic and z i/ 4 lies inside C;we 


f sin2z dz E 2zi (E 
"(Z-zi/ 4 3 4 
Now f '(z) = 2 cos 2z , f'(z) = - 4 sin 2z , f" (z) = - 8 cos 2z. 
Hence f (ni/4) = -8 cos(ni/2) 
— -8 cosh(n/2). 
f sin2z dz NEL T 


have, 


aw 


o3 rr > 
A zi) 3 2 
Problem 8.3.15 


22 


4 
Evaluate € (z+1) 


where C is the circle |z] = 2. 
Solution. 
Let f(z) = e^. Clearly f(z) is analytic and 

f (z) 2e" ; fz)= 4e” ; f'Mz)= 8e” 

By the formula for higher derivatives, 


e” omi 
S NER ELLE 
Icy i l 3! y 


Problem 8.3.16 


Evaluate | — ÓÓ€ dz 
cGt2Xz2*U Where C is |z| = 3. 


Solution. 
l — (2+2)-(+)) 
(z-2)z*0?  (z42)z41y 
1 1 
(24 (z42)Yz41) 
1 l 1 








ny Eae ee Do, 
A (z - 2)(z +1) (z +2) (z +1) ^ (zl) 


C C 


We note that z = -2, -/ lie in the interior of C. 
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Space for Hints Let z) = e’. It is analytic in C. Also f/(z) = e'. 
By Cauchy's integral formula, 


e* _ , "n 
lara tuto = 2nie™. 








[{—— ae = 2 i f-l) = 2n ie". 
~(z+1) 


e* 27 i 
—— dz =| —— | f'(-1) = 2z ie". 
Is T T reo TU 
dz= 2xi[e^-e' *e'] 


—-2nie^. 


Therefore from (1), I — — 
^ (z*2YXz--1) 
Exercises 8.3.17 
Evaluate the following. 
l. prm where C is !*! = 
C Z 


2z 
2. f á , az where C is |z| = 3/2. 
cG-D 





3. f LI. where C is |z| = 2. 


?(z-zm/2y 


az 


e 
4. f 
À n+} 


CZ 


dz where C is |z| = %. 
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UNIT 9 Space for Hints 


SERIES EXPANSIONS 


INTRODUCTION 

In this chapter, we consider the problem of representing a given 
function as a power series. We prove that if a function is analytic at a 
point zọ ,then it can be expanded as a power series called Taylor's series 
consisting of non-negative powers of z — zo and the expansion is valid in 
some neighbourhood of zy. We also prove that a function f(z) which is 
analytic in an annular region a < |z — zo| < b can be expanded as a series 
called Laurent's series consisting of positive and negative powers of z — 
Zo. We also introduce the concept of singular points of a function and 
classify the singular points and discuss the behavior of the function in the 
neighbourhood of a singularity. 


9.1 TAYLOR'S SERIES 


Theorem 9.1.1(Taylor's Theorem) 
Let f(z) be analytic i ina region D containing Zo. Then f(z) can be 
represented as a power series in z — Zo given by 


f)» fe) c - 4) Eg- A ess: pe 


The expansion is valid in the largest open disc with centre zo contained in 
D. 
Proof. ~ i 
Let r > 0 be such that the disc |z — zo| < r is contained in D. 
Let 0 < rı <r. Let C; be the circle |z — zo! = rj. 
By Cauchy’s — formula, we have, 


fG)-— "pm dé eus (1) 


Also by "— on Sen derivatives, we have, 


f^?()- Li f qu ee) 


Now, 
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l ] 


Cuz (€-2)-(2-%) 
i 


DENEN 
C-ni 


n 

A Z= Zo 

2 P n-l "o. 
_ | rad 2770 | TA | uu (Ex AS = 70) 
-z| (S40) (6-2 Ag 20 "(E 











(using the identify —- l+ +A? + tA ure, 
—a 


l Z—Z, (z-z) (z-z,)" (z-z) 


n €-ay (-ay EE E-a EA 
AE 
2zi 





Now, multiplying throughout by =, integrating over C, and using (1) 


and (2), 
we get 


F (2) = f(a)* f GG - 29) + 





f) NT f^ (n) o, vnl 
3 (z-zy) t... (n-1) (z-z,) +R,- 8) 


Where R,= (z-z) f f (5)0d6 


271 C, (C -2X —2,) 
Here C lies on C, and z lies in the interior of C; so that | — zo| = rı 


and |z — zo| < rı. 


IC- z] = (C-z - (zo 2 IC zol - |z- zol = ri - |z — zol. 


Let M denote the maximum value of |/(z)| on Cj. 


Then by Theorem: [ f oe S MI where M = max (| f (z) :zec) 


C 
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Ilz-zyl | MQzr) 


27 (n-|2z-z, Dn 


— M{z-2| (|z-z |)” 
| (n-|z-z, y hn 


[Ral S 











Also LEY <1. Hence lim A, =0. 
F, no 
. Taking limit as n — oo in (3),we get 
(n) 
Zz Z i 
f(z)- fe.) +» o) z- z,)+ / ee 2.) Esos +t < Pig) + 


Note 9.1.2 

The above series is called the Taylor series of f(z) about the point 
Zo. Thus if f(z) is analytic at a point zo , then f(z) can be represented as a 
Taylor's series about zo, which & a series in non negative powers of z — 
Zo. The expansion is valid in some neighbourhood of Zo. 


Note 9.1.2 
The Taylor series expansion of f(z) about the point zero is called the 
Maclaurin's series. Thus the Maclaurin's series of f(z) is given by 


fG)- fO)+= of (0) +z FO) Feo un FUO 4 ....... 
Example iu 
l 
The Taylor's series for f(z) = — about z = 1 is given by 
Z 


L- fm Be- OG y: Li Pr 
Zz 1! 2! 


Now, 


f()=—= f()-1 

fe --—-f'-- 
f@=safM=2 ` 
f^i)» - o f= 


*9€9800*85909»9*€6956€2538$5»9».92906€6929$5997928229 
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Hence the Taylor’s series expansion for : about 1 is 


I 
l-2]1-(z-10)*(z-1Y-(z-1y *.......... 
z 
This expansion is valid in the disc |z — 2} < J. 


l "m 
Similarly Taylor's series for f(z) = — about z = i is given by 
Z 


1 1] z-i (z-i) (z-iy 
Viii" REO SEE EQ" ee 
Z l l l I 


(E E O E 


Example 9.1.4 
Let f(z) = e. 
Then /" = & for all n and hence f” (0) = I. 


Hence the Maclaurin’s series for e is given by 





and the expansion is valid in the entire complex plane. 
Maclaurin's series expansion of some of the standard functions are given 











below. 
a Z- 2 "Nu 
! E uc mm +(-1) Pr TPR (|z | «oo) 
3 z 2n-l 
2. sinz-z-— + — +(-1)"" Qn-Di € (Iz |«oo) 
2 4 2n-2 
3 cosz 21-7 + — LUN +(-1)"" 2 23" nos (Iz |«oo) 
! n 
3 5 2n-] 
4 duis NR TN NOU (Iz |«oo) 
! 3! $5! (2n -1)! 
2 4 2n 
5. coshz-14 — 4 — -....... m" ([z |<) 
2! 4! (2n)! 
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l 
7. ——-lezz!z a... +Z” +......12]<1) 


l-z 
z? z? " z” 
8. log(l-z) zz- — -—-........ +D L—..... (Iz |<1) 
2 3 n 
2 3 n 
9. logl-z) »-- 2-2... eri oscila) 
2 3 n 


Solved Problems 


Problem 9.1.5 

Expand cos z into a Taylor's series about the point z = z/2 and 
determine the region of convergence. 
Solution. 

Let f(z) = cos z. 


The Taylor's series for f(z) about z = 2/2 is 


f(z) = fe) ED a-a ED yy SET GL gay +.. 


Now f(z) = cos z. Hence f(n/2) = 0. 
J'C) =-sinz. Hence f '(n/2) = -1. 
J "(z) =-cos z. Hence f "(n/2) = 0. 
Iz) = sinz. Hence f "'(z/2) = 1. 
The Taylor's series for cos z about z = z/2 is 
2-22), (z-2/2) (z-2/2)° ; 
I! 3! 5! 


The expansion is valid throughout the complex plane. 


COSZ = 


Problem 9.1.6 
Expand f(z) = sin z in a Taylor's series about 7/4 and determine the 
region of convergence of this series. 
Solution. 
The Taylor's series for f(z) about z = z/4 is 
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ý "(xl4 3 
Fle) = fra) + LY (a sy P0796 spp Eaa Faam 


Here f(z) = sin z. Hence f(z/4) = 1/22. 
f'@) ^ cosz. Hence f '(n/4) = IN2. 
fz) = -sinz. Hence f "(n/4) = -1/N2. 
f(z) = -cosz. Hence f '!(n/4) = -1/N2. 
The Taylor's series for sin z about z = z/4 is 


i (@- (z-2/4) | (z-z/4)'( 1 (z-z/4y | 
se p ce 1) oet) cea), 


l. (z-2/4) (z- z/4y -a | uu ) 
2 ]! 2! 3! 


The expansion is valid in the entire complex plane. 


Problem 9.1.7 


Expand /(z) = m as a Taylor's series 


(a) about the point z = 0. 


(b) about the point z = 7. Determine the region of convergence in 
each case. 
Solution. 


z+] 
=(z-I)@@+ 1)" 
=(z-I)(l-z+2~27' +... ) if |z| < 1. 
-(z-z4z-. J - (d - zsz-g- m ) 
=] + 22-22 + 23 es 
The region convergence is [z| «1. 


b. f(z)- = 
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z —1 z-l (z-1) (2-1Y 
= 7 i- 5 (34) -(4) a a TETEA | if 


z-1 z- 








E E EE EEEE 





The region of convergence is given by E; D" <1 which is same as the 


circular disc |z — 1| « 2. 


Problem 9.1.8 
Show that 


== PX e+) 
l 


1 ] = z-2Y 
—— m oL -4 kamm (-1)” +] Te 
" rid 2,( ) (n f ) when| z 2 |«2 


when| z 4-1|« 1 





ii 2 
Solution. 
en 
2* [i — (z + 1) 
-[1- & «DJ? 
=] +22 *1) + 3 M1 *4(z 19 v, if |z*1| < 1. 
=1+ >) (Q-D(z-1" whenlz *1|«1 
nz] 
| 


u Le 
Z (z-242)y 
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LC 1)’ mea 


n=! 











Here the region of convergence is which is the same as the 


circular disc |z — 2| « 2. 


Problem 9.1.9 
Expand ze” in a Taylor's series about z = -/ and determine the region of 
convergence. 
Solution. 


Let f2) = ze”. 


— ze?" + lo? 


= = [e+e ehem] 
=F esp E20, 4(z +1)? +}. [ 360, Mest" 
2! 1! 2! 
2?(z +1) 2z41 22(z+1) 


3 
tadi, 
2! I! 2! 


{e+ +220", 


The expansion is valid throughout the complex plane. 


Problem 9.1.10 


2 


Find the Taylor’s series to represent EM i NT Zz i< 2. 
(z+2)(z +3) 


Solution. By partial fractions 
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2 
EK S E o ; (verify) 
(z+ 2)(z +3) Z+2 +3 

3 8 











and the expansion is valid in |z| < 2. 


Exercises 9.1.11 
1.Expand //z about z = -/ and z = 2 as Taylor's series, stating the 
region of convergence. 


2.Find the Taylor's series for zæ about z = 1, 
Answers: 1. 1/z= -1-(z-1)-(z-1) +... Az 11 


m = 2 "S 3 
]! 2! 3! 


9.2 LAURENT'S SERIES 


A series of the form y. b, .(1) 
n=l Ln 


can be considered as an ordinary power series in the variable 7/z. Hence 





oo 
If the radius of convergence of the power series S b,z" is r and r < c, 


nal 





then the series > b, 


n=l n 


uniform in every region |z| > p > r and the series represents an analytic 
function in |z| > r. 


converges in the region |z| > r. The convergence is 
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If the series (1) is combined with the usual power series, we get a more 


general series of the form P3 a z". ss (2) 


—-% 


This series is said to converge at a point if the part of the series consisting 
of the negative powers of z and the part of the series consisting of non- 
negative powers of z and separately convergent. We know that the series 
consisting of non-negative powers of z converges in a disc |z| < rz and the 
series consisting of negative powers of z converges in a region |z| > ri. 


Therefore if r; < rz the series represented by (2) converges in the region 
rı € |z| < r2 and in this annulus regiọn-it represents an analytic function. 


We shall now prove that the converse situation is also true. 


(i.e) any function which is analytic in a region containing the annulus 


a on 
ri«|z — zo| «r2 can be represented in a series of the form > Qz-—z) s 


Theorem 9.2.1 (Laurent's Theorem) 


Let C, and C? denote respectively the concentric circles |z — zo| = r; 
and Iz — Zo| = r2 with r; < r2 Let f(z) be analytic in a region 
containing the circular annulus r;<|z — zo|xr». Then f(z) can be 
represented as a convergent series of positive and negative powers of z — 
Zo given by 


f@)= ha Gn 


b, 
Hn 
Z — Zo ) n=0 


Where b, = d ER and a, — ed J(6)ac 
lmi e (E n) Qn 2 (S$ -2)"" 


Proof. 
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l 
| (2-2,)-(€ - 24) 
] 


e-z) aa 
22. 











Multiplying by f (e) and integrating C, we get, 
zi 


oe f Da b, 4 b, ES 4+ b, +S 


(E O E E 


Z— Z (2- 2) (z-— all " 


Ode o [feng 





Where b, = a peo ie 
2ri c (6 —z,) ES Z5) x "ad 
From (1), (2) and (3) we get 
JO) = ap a a (z = Zo) pu taa. a za)" de 
2: — Tues a -*R(z)-S,(z)  ..... (4) 
Z-Z, (Z-Z) (z — A 
The required result follows if we can prove that R, — 0 and S, —^ Oasn 
—3 OO. 


Now, if G € C, then |G — zo] = r; and 
|z- ¿l = |E — zy — (C—29)| > |z — zol - 
If 6 € C2 then |€— zo| = r2 and 
I- z| = |(C— zo) — (2 -zo| 2 r2- |z — zol 
Now let M denote the maximum value of |/(z)| in C; UC». 
Then 


by theorem < MI where M = max {| f(z) : z E€ C}, we have, 








J f(z)dz 


[z-z |" M(2771,) 
27 ry (n-|z-z, ) 
< M|z-z, | LE Y 
(n-lz-z7ď2 DU 5 
[z — zi | 


Fy 


IR,| < 





Since «],R,0asn-o. 


126 


l Mr” Qzn) 


Iz-zl 2z (z-z |-n) 
uil 
(22; | 771) [ze 254 


r 
Since —«1,$,— 0asn oo. 
Z — Z, 


Hence, by taking limit n — oo in (4) we get, 


Also |S,| < 





o0 


f) 2 33 — T - n 


n=l (z—-z$,) nz 


Hence the theorem. 


Remark 9.2.2 
The formulae for the coefficients a, and b, in the Laurent's series 
; l J (c )dc 
expansion are given by b, = —— ee ee kaa ad) 
2mi J (¢-z) "^ 


_ ] f f(c)dc 
and a, = —— E lm 
27ri c G7 zm) 
Since the integrands in the integrals of (1) and (2) are analytic functions 
of ¢ throughout the annular region, any simple closed curve C in the 
annulus can be used as the path of integration in place of C; and C; . 


Hence Laurent's series can be Written as 


"MH -1 p GA 
f(z) LAC zo) (n dz-zl« r,)whereA, 2 (C -zy^ 


Solved Problems 
Problem 9.2.3 
Find the Laurent's series expansion of f) = ze"? about z = 0. 
Solution. 
fiz) = el” 
Clearly f(z) is analytic at all points z 7 0. 





2l, oe l 

Now, f(z) 2z!|14-—4 az 35 | 
2 | |] ] 

=Z tar aio Meese aiidas 
2 3z 4z 


This is the required Laurent’s series expansion for fz) at z =0. 
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Expand (z-Dz-2asa power series in z in the regions 





EE; Iz «1 i 1«lz«2 iii. |z| > 2. 
NU AN 
Solution. Let f(z) = (z-Dtz-2) 
1 1 
T | z-l z-2 
By splitting into partial fractions, we have f(z) = 
i. The only points whet z) is not analytic are 1 and 2. Hence 


f(z) is analytic in |z| < 7 and hence can be represented as a 


1 aylor's series in |z| < J. 








l l 
Ea eA e 
7e z-l z-2 
—1 I 
i + 
l-z 2-z 


=—-(l¢ 2427 $0.42" +...) EL uu 2 


di. J(z) is analytic in the annular region J < |z| < 2 and hence can 
be expanded as a Laurent's series in this region. 





E — 
Pa~ z—-ł TII 
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I | 








« land 











eei 
2 





| DRD If, z 2? z" „j1 
=—|l+| |+| =] 4..... +—| l +—+— +... +— +... (since 
z Z Z 2 2 4 2" Z 





This gives the Laurent's series expansion in / < |z| < 2. 


tii. ^ f(z)isanalytic in the domain |z| > 2 and this domain, we have, 
|2/z| < I. Hence 


l l l l 
ro- es 
-lip-0/2p -lp- oia 

Z 


| («y 4... H«G: 








Problem 9.2.5 
] 


z(z — 1) 





Expand as Laurent's series (i) about z = 0 in powers of z and 


(ii) about z = / in powers z — /. Also state the region of validity. 
Solution. (i) The only points where f(z) is not analytic are 0 and 1. 


Hence f(z) can be expanded as a Laurent's series in the annulus 0 « |z| < 
L. 
| 


fi) = 2-1) 
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»-l(-z)" 
Z 

= eee Test zz" +...) (since | z |< I) 
Z 


l 
een TussckbZh c. 
z 


This is the Laurent’s series expansion of f(z) in 0 < |z| < 1 
(iiz) is analytic in 0 < |z — 7| < J and hence can be expanded as a 


Laurent's series in powers of z — 1 in this region. 





Loma t dus 
z(z-1) z-1lll-4(z-1) 
l 








“agp. tE D 

a EGED ? -(z 2? +....] (since | z - 1]« 1) 
pm 

=! -1«(z-1)-(z-1)? +....... 

z —-l 


This gives the Laurent’s series expansion in 0 < |z — 1| < I. 


Problem 9.2.6 


Z 


(z+1)(z +2) 


Find the Laurent’s series for about z = -2. 


Z 
I@)= asd) 


-1 2 


+ (verify) 
z+1 z+2 


a! CS 
(z+2)-1 z+2 
2 


-[1-(z-2)]|'! 4 —— 
z+2 


Solution. Let 











2 
z+2 





=[1+(z+2)+(z2+2) +....]+ 





2 
+14+(z+2)+ Lt ere 
"PE. (z*2)-(z-2) + 


Problem 9.2.7 
Z 


Expand fiz) = (77 DO 7 2 in a Laurent's series valid for (i) |z| < 1 
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(ii) I< |z| «2 
(iii) |z| > 2 (iv) lz- 7|» 1 and (v) 0 < |z-2] < 1. 
Solution. 


a 3 
e O TEDE 


1 2 
Liu der Rr iil 
Z— TZ (by partial fractions) 





i. Iz| « 1. 


"e dr inintl a i atm 
I= zt aD (1-z) +(l-z/2y. 


Since |z| < 1, f(z) can be expanded in series as 


2 4 8 
ii. I< |z| <2 
NE Loir sa-i. 


I= Tan 2i-z3 z 


dut <1. Hence we have 


Now 1 < |z| < 2 > 





<l and g 
2 








Q9 6) 
= ee -|—| +)/—| +—+14+]/—]+}—| +...... 
Z Z Z 2 2 


«]l and 














Ilz/ > 2. Hence 
lil. 


: liana a Spalt. 
Z 


f(z) = eia. si-2 ~ Z 
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| Space for Hints 


—— 0 —á! 8 HÀ $—saÁ——À E amma Redes M deeds anm 





lz—- 1| » 1. Hence | 7 - ! I 
Ji 2 
z)= — 
I) z-l z-2 
] 2 
z-l1 z-1-1 
l 2 


am c -n- 
z-] 


1T 2 li- IT 
2) ze. me] 









































|] 2 2 


"2429 








-[I«(z-2)] ee 


-[1-(z-2) (z -2y! -...]- —— 





Z — 


i Problem 9.2.8 
| l 


E 2 ] ` I 
Expand ^ ~3zZ+2 in Laurent's series valid in the region J < |z| < 2. 
ISolution. 
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l 
z) = ————— 
f@) z? —3z+2 


Then f(2)= _ (2-2)-(-)) = es, 
(z-2)(z-l)  z-1 z-2 
f(z) is analytic in the region J < |z| « 2. 
Hence f(z) can be expanded in Laurent’s series in that region. Now 


] 1 lf. zV. 1 IY 
f&)-— - 1---i -i-1 | 
- of 7 z) (i 7 J 2K 2) z\ z 











zi and 
2 | 





In the region i < |z| <2, we have . Hence J) can be 


expanded in Laurent's series as 


ll, z f(z) (zy oot ly Ay 
oes Aż) T iiris eI (t 5 
_1lSfl 
oY a 
Ibi 


n=0 


Problem 9.2.9 


| T(z) = 2 . ; ‘ 
If (2 +3)(z—1)" find Laurent's series expansion in 
(00«[z—1| «4 and (ii) |z — 1| » 4. 
Solution. 
z+4 


L ee a L 
MOS 3) - 1 


By expressing f(z) into partial fractions ,we get 


z+4 


] 5 . 
= TE 162-1 4e- D7 
E c 











0 < 
(1)0 < z — 1] « 4. Hence 


l l 5 
- l6(z -1 + 4) 16(z=1) 4(z—1)’. 
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| Space for Hints 


Space for Hints ] l A 5 


=) l6(z-1 4(z-1)’. 





l ( aot) l 5 
64 4 l6(z-1)  4(z-1)’. 











Since we have 


L|, (z-1) fz-1) (z-1/ | 5 
"m a(S) cy m | déz-) 4c-]. 


5 l 1 Iliz-I = 
= $$ ———— + — -ji —— -jl UM i e... ; 
4(z-1) 16(z-1) 64 64| 4 4 


This is the required Laurent's series expansion for f(z) in 0 < |z — 1| < 4. 





4 
z—1l 
| l 5 

i6 - (1 -] ic 


z —-] 


] ( 4 | 4 ) | ] 5 
= 1-| —~ |+| — | -....]— p À. 
a z-1) Viz-1 l6(z-1) 4(z-1y) 


] l 4 4* 
ptT—— ————— t — eee 
(z-1) (z-1D (z-1)  (z-1) 
Problem 9.2.10 


* 
-— 


x 2*] 


<l. 











(11)iz — 1| > 4. Hence 
Now f(z)- 











Find the Laurent's series expansion of the function (2 + 2)(2 + 3) 


valid in the annular region 2 < jz| < 3. 
Solution. 
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z =] 
(z-2)243) 
By splitting /(z) into partial fractions, we get 


Let f(z)= 


3 8 
Z)zl14——-———. 
/e Z+2 z+3 
f(z) is analytic in the annular region 2 < |z| < 3. 


Hence f(z) can be expanded as a Laurent's series in that region 


f (z) = | + sas es "m 
1 + 2 fi + z) 
z 3 
Problem 9.2.11 
| 225 41 
For the function z(z +1) 


find (i) a Taylor's series valid in a neighbourhood of z = i and 
(ii) a Laurent's series valid within an annulus of which centre is the 


origin. 
Solution. 
3 
f(z) 2z +1 
(i) z(z +1) 
=2z7-2+ : + lhe partial fractions) 
zZz z-«l 
ee te TUN (1) 
z z-«l 
= g(z) * h(z) + j(z). 


$ 
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Space for Hints 


Space for Hints 
l l 


Where g(z) = 2(z — 1), h(z) = 7 andj(2 = 7 +1, | | 
Taylor's expansion for g(z) about z = i is obviously 2(i — 1) + 2(z — 1). 
Taylor's expansion for h(z) about z — i is given by 








o0 PAL " 
h(z) = ki) 9 ai) 
nzl : 
1 ER VÀ | E n ! 
Here hi) = 5; (a) = EPT so that iG) = ER 
i Z 








ao 2l Y CD zy Een. 


; n+! 
i int =o 


oE- 


q ntl 
Similarly we can prove that „o (62 


Hence the Taylor's expansion for f(z) is 


= JR ae (-1) CD EEV 
f(z) = 2( - T) * 2(z DE| m + a pm (c i). 


f(z)-2z-2 "E t(l +z)" ( from(l)) 
A 





(11) 


Lm —z 4...) if|z|«1 
A 


7. In the annulus 0 < |z| < 1 the Laurent's expansion is given by 


Jos -z5 47) =. 
Z 





Problem 9.2.12 
2 
Expand . (z-1)° aboutz = J as a Laurent's series. Also indicate 
the region of convergence of the series. 
Solution. 
2(=-1)+2 
z) = ———~ 
so- 
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e'e 
(z -1)' 

= zi 142-0, Pec Tes. | 
(z -1y 1! 2! 


| 2 2 4 2 | 


ae EE RIEN RON SEMEN UBA ae, 
a Fee aE CT RETEST RG + 


This series converges for all values of z except z = J. 


Exercises 9.2.13 
B ] 
l. Expand (z + 1)(2 +3) in Laurent’s series valid for 
(i) J < |z| < 3 
(Gi)|z| > 3 


(iti) 0 < |z- 1| < 2 
l l l L 1 z z 
E 


Z 


ee itti LLL [ee ER NN 


LEM NT... 
(ii) z? z? z^ z? 

| el ey eee eee do. 
(üi)2(z-1 4 8 16 





Zeros of an Analytic Function 
Definition 9.2.14 
Let f(z) be a function which is analytic in a region D. Let ae 


D. Then a ts said to be a zero of order r (where r is a positive integer) for 
F(z) is f(z) = (z — a) p(z) where (z) is analytic at a and o(a) +0. 
Example 9.2.15 


Consider f(z) = sin z, 


Z pter 
We know that sin z = 3 S! 


2^. 
I E A a | 
Where o(z) = a 3l 
Obviously o(z) is analytic and e(0) = 1 £ 0. 
z = Ü is a zero of order ] for sin z. 
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Space for Hints 


Space for Hints Example 9.2.16 ; - 
Let f(z) = (z—2i)'(z + 3r e 


2i is a zero of order 2 and -3 is a zero of order 3 for f(z). 


Example 9.2.17 
Let f(z) = z/sin z. 


(Cae 
Where g(z) = 3 M 
Obviously o(z) is analytic and 9(0) + 0. 


z = 0 is a zero of order 3 for f(z) = z sin z. 


Example 9.2.18 
z—| 
Let fiz) = 2 +1 
{@ =0>7-1=0 
=> (z—-1)(2° +z+1) =0. 
me ere E UNE 
ZEE 


2 





Hence the zeros of //z) are /, and each one is a zero 


of order |. 
Theorem 9.2.19 
Suppose /(z) is analytic in a region D and is not identically zero in D. 
Then the set of all zeros of f(z) is isolated. 
Proof. 

Let a € D be a zero for f(z). We shall prove that there exists a 
neighbourhood |z — a| « 6 such that this neighbourhood does not contain 
any other zero for f(z). 

Suppose a is a zero of order r for f(z). 

Then f@) -(z-aje(z) | | .... (1) 
Where 9(z) is analytic at a and g(a) 7 0. 

Now, since 9 is analytic at a, 9 is continuous at a. 
We can find a ô > 0 such that 





z - | < ô = |g(z) — o(a)| < ge 


We claim that the neighbourhood |z — a| < 6 does not contain any other 


zero of f(z). Suppose b + a is another zero of f(z) in this nei ghbourhood. 
Then |b — aj < ô and f(5) = 0. 
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 (b-aje(b) = 0 (from (1)) 
Now, since b +a, (b —a) #0 


(b) = 0 
| g(a) | 
Further |b - a| < ô = |9(b) -a| < 5 





lea) ... u 
= lo(a)| < > which is contradiction. 


Thus the neighbourhood |z — a| < 6 contains no other zero of f(z) and 
hence the set of all zeros of f(z) is isolated. 


Corollary 9.2.20 

Let f(z) be analytic in a region D. Suppose f(z) = 0 on a subset 
of D which has a limit point in D. Then /(z) is identically zero in D. 
Corollary 9.2.21 

Let f(z) and g(z) be two functions which are analytic in a 
region D. suppose f(z) = g(z) on a subset of D which has a limit point in 
D. Then f/(z) = g(z) in D. 
(consider the function f(z) — g(z) and the result follows from corollary 
9.2.20. 


Exercises 9.2.21 
l. Find all the zeros of the following functions 
(z +1)? (iz +2)° 


(a) cosz (b) 247 


2. Prove that there is no analytic functions whose zeros are precisely 
the points 1, 1/2,1/3,.....,1/n,..... 
Answers: 1.(a) (2n+ 1)z/2,neZ (b) -1 and -2/ 


9.3 SINGULARITIES 
Definition 9.3.1 
A point a is called a singular point or a singularity of a. 


function f(z) if f(z) is not analytic at a and fis analytic at some point 
of every disc z-aļ <r. 


Example 9.3.2 
] 


aa 


Consider the function fz) = 2 | 


l 
Then f ⁄z) = E for all z £ 0. 


Thus /(z) is analytic except at z = 0. 
-z = 0 isa singular point of f(z). 
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Space for Hints 





"e 9.3.3 
] 
Consider the function fz) = c e 





0 and i are singular points for f2). 
Definition 9.3.4 
A point a is called an isolated singularity for f(z) if 
(i) fZ) is not analytic at z = a and 
(ii) there exists r > 0 such that f(z) is analytic in 0 < |z — a| < 
r. | 
(i.e) the neighbourhood |z — a| < r contains no singularity of fz) 
except a. 


Example 9.3.5 





z+] | 
KD) = zz +1) has three isolated singularities z = 0, i, -i. 


Example 9.3.6 
Consider the principal branch of logarithm given by 
log re'* = log r + i0 where —z < 0 < x. | 
All points on the negative real axis are singular points of this 
function. These singularities are not isolated. 
Example 9.3.7 
i 


Consider the function f(z) = 5192. The singular points are 0, +r, 427. 





Tm and these are isolated singular points. 


9.4 SINGULAR POINTS AND POLES 

We now proceed to classify the isolated singularties of a function. 
Let a be an isolated singularity for a function f(z). Let r > 0 be such 
that /(z) is analytic in 0 < |z—a| <r. In this domain the function J) 
can be pre as Laurent series given by 





T2) 2 — D (z—-a) where 
naL LOK. as, =f OME, 
27i a)" 2ziz (6G -—ay"! 


The series consisting of the negative powers of z — a in the above 
GO b, 

Laurent series expansion of /(z) is given by "=! (z-a) and is called 

the principal part of singular part of f(z) atz — a. | 

The singular part of f(z) at z = a determines the character of the 

singularity. 
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There are three types of singularities. They are 


(i) Removable singularities. 


(ii) Poles 
(iii) Essential singularities. 
Definition 9.4.1 
Let a be an isolate singularity for f(z). Then a is called a removable 


singularity if the principal part of f(z) atz = a has no terms. 
Note 9.4.2 


If a is a removable singularity for f(z), then the Laurent's series expansion 


of f(z) about z = a is given by 


f(3) » 3a, E-a)" 
= ag + a,(z — a) + 
lim f(Z) = a 


Hence ^"^ 


Hence by defining f(a) = ao the function f(z) becomes analytic at 
a. 


Example 9.4.3 
sinz 
/0- 


Let Z Clearly 0 is an isolated singular point for f(z). 





Here the principal part of f(z) at z = 0 has no terms. 
Hence z = 0 is a removable singularity. 
. sinz 
lim zl. 


Also ^" 2 Hence the singularity can be removed by defining 
f(0) =1 so that the extended function. Sepe analytic at z = 0. 
Example 9.4.4 


z— n. 
J) = ———— . 
Let 





: 
f 
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Space for Hints | 


| z—sinz | zi zx 
——— a E Er E 
Further Z Z 3 5! 





Let f(z) = tanz = COSZ . The singularities of f(z) are 2 


z = 0 is an isolated singularity. 


eeose’ 


z =0 is a removable singularity. 
By defining f(0) = 1/6 the function becomes analytic at z = 0. 
Definition 9.4.5 | | 
— Let a be an isolated singularity of fz). The point a is called a pole if the 
principal part of fz) at z = a has a finite number of terms. If the 
principal part of fz) at z = a is given by 
| b, b, b. 
—— + usb ILM—— 
z-a (z-a) (z—a) 


where b, £ 0, we say that a is a pole of order r for f(z). 





Note 9.4.6 | | 
_A pole of order 1 is called a simple pole and a pole of order of 2 is called 
a double pole. 

Example 9.4.7 


f()-—. 
Z 


Consider 


| Z Z 21 3! 
Here the principal part of f(z) at z = 0 has a single term //z. Hence z = 0 
is a simple pole of f(z). 


Example 9.4.8 

sinz T | 
—-tnm, - 
where 





n € Z. All the singularities are poles of order 1. 








cosz 1 z^ z’ 
= — |-—-——-+—-.... 
zZ z V 4d — 


For, 
] | 2? 
ESQ cp 
z^ 2! 4! 
Example 9.4.10 
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f(z)224(z-2)* A (by parital fractions) 
Then z-2 
Here f(z) has a simple pole at z — 2. 


Definition 9.4.11 

Let a be an isolated singularity of f(z). The point a is called an essential 
singularity of f(z) at z = a if the principal of f(z) at z = a has an infinite 
number of terms. 


Example 9.4.12 
Let fz) = e^. Obviously z = 0 is an isolated singularity for /(z). 
l ] l 


—~+—~+ 

2 3 " 
Further e= 2 22° 3z The principal part of f(z) has 
infinite number of terms. Hence e’” has an essential singularity at z = 0. 


Example 9.4.13 
Let f(z) = z/sin(1/z). f(z) has essential singularity at z = 0. 


[n the following theorem , we give equivalent characterizations for an 
isolated singular point a of f(z) to be a removable singularity. 


Theorem 9.4.14 

Let f(z) be a function defined in a region D of the complex plane except 
possibly at a point a € D and let a be an isolated singularity for f(z). Then 
a is a removable singularity for f(z) if and only if there exists a complex 
number ap such that by defining f(a) = ap the extended function becomes 
analytic at a. 
Proof. Suppose a is a removable singularity for f(z). 


f(z) = >) a,(z-ay'0«z-al«r 
Then n=0 

= ao + a;(z—a) + a(z — a)^4 —" 
. By defining f(z) = ao, f becomes analytic at a. 
Conversely, suppose there exists a complex number a, such that by 
defining f(a) = ao, f becomes analytic in |z — a| <r. 


Hence f can be represented as a Taylor's series, in power of z — a in this 


neighbourhood, given by f(z)- Y a,(z—ay). 


n=0 


This shows that the principal of f(z) at z = a has no terms. Hence ais a 
removable singularity for f(z). 
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| Space for Hints | 





Theorem 9.4.15 (Riemann's Theorem) 

Let f be a function which is bounded and analytic throughout a domain 0 

<|z—2Zo| « 8. Then either fis analytic at zo or else zo is a removable 
singular point of f. 
Proof. Consider the Laurent’s series for the function in the given domain 

|] 
about zp. The coefficient b, of (2— Zo)" is given by 
00] p fd 

"o 2zit(z-2,)"" where C is the circle Iz —zo| = r where r < ò. 
Now, since fis bounded there exists a positive real number M such that 
WZ) | <M in0 < |z—zol < à. 


by theorem | fee < MI where M = max {| f(z) :ze C}, we have, 
C 


“|b, ez TET 
r 
= m | 
Since it is true for every r such that 0 < r < à, taking limit r — 0 we get 
b,= 0. Hence the Laurent's series for f(z) has no principal part. Hence 


the theorem follows. 


Theorem 9.4.16 
Let f(z) be a function having a as an isolated singular point. Then the 
following are equivalent. 


(1) ais a pole of order r for /(z). 


. NT fE) = ——— (2) 
(ii) f(z) can be written in the form (z-a) 


where 8(z) has a removable singularity at z = a and and 
lim @(z) # 0. 
l 
(iii)a is a zero of order * ‘for j (z) 
Proof. (i) => (ii) 
Let a be a pole pipet r for f(z). AM " Laurent’s series expansion of 


athe, (z — a) 


mE J= 
fz) about a is given by ra E n=0 pm b, #0. 
| ] r- r 
E Tu +b, (z-a)* t b,(z- a)" + a(z- a) +... 











| e - O(z) where 0(z) =b, +b,_ (z 7 A) + s. 
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lim@(z) = b, #0 Space for Hints | 
Clearly 7° and 0(z) has a removable singularity at z = a. 


l 
ii lii = ———— 0(z) i 
(ii) = (iii) T JG) ay and by suitably defining (a) we 


- assume that P à is analytic at a and O(a) 7 0. 








] 
is analytic at a and —— # 0. 











" d 

re pun B n BC) 6(a) 
1 

Hence a is a zero of order r for f (z) 

» l , 
— Let a be a zero of order r for J (Z) 

-(z-a) g(z) . 

Then / T where g(z) is analytic at a and g(a) 7 0. 
Ed f(z)- gi (Z) 


(z-a) where g;(z) is analytic at a and g;(a) 7 0. 
Let g;(z) = ag + ai(z—a) *.....* a,(z — a) * .... so that ao 7 0. 








n A) = — 2 + tn ta, ta, -a)*..in0dz-alcr 
(z - may (z-a) 
-. The principal part of f(z) at z = a Is 
“0 o E: TM + —— and a, € 0 
(z-a) (z-a)’ z-a 


<. a is a pole of order r for f(z). 





Theorem 9.4.17 
An isolated singularity a of f(z) is a pole if and only if lim f(z) — oo. 
Z 
f= 22 
Proof. If a is a pole of order r for f(z) then (z-a) with g(a) # 0. 
-. lim f(z) = ©. 
lim f(z) =. 
Conversely let a be an mm singularity for f(z) and let nn 
A(z) = 
Let ze 
lim @(z) = 0. 
Then ^ 
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Hence a is a removable singularity for 0(z) and by defining 0(z) = 0, 0 
becomes analytic at a. Let a be a zero of order r for the function 6/2). 


Then a is a pole of order r for f(z). 


Definition 9.4.18 
A function /(z) is said to be a meromorphic function if it is analytic 
except at a finite number of points and these finite set of points are poles. 






| Example 9.4.19 
1 
f@=——. 
Let z(z -1) 
JZ) is analytic except at z = 0 and z ^1. Also 0 and 1 are poles of 
order | and 2 respectively. He. “z) isa meromorphic function. 


Example 9.4.20 


e ] Z Z 
—— TM —— + l + I + E + tecto 
Z Z 2! is a meromorphic function. 
Example 9.4.21 


e’” is nota meromorpic function since z — ( is an essential singularity 


for e^. 


The following theorem due to Weierstrass describes the behavior of a 
function in the neighbourhood of an essential singularity. 


Theorem 9.4.22 
| Let zo be an essential singularity for a function fz). Let c be any 
| complex number. Then given e, 8 > 0 there exists a point z such that 

Iz — zo| < ô and |z) — c| < e. 

(i.e) The function fz) comes arbitrarily close to any complex number c 
in every neighbourhood of an essential singularity. 
Proof. Suppose the theorem is false. Then there exist 9, € > 0 such that 
for every point z satisfying 0 « |z — zo| < ô we have |f(z) — cl >e. 


g(z)-7 
Now consider the function f(z)-c 
"~ | e(z) |= a es 
7 IF) -e| & 


Hence g(z) is bounded and further g(z) is analytic in 0 < |z — zo| < ô. 
Hence by Riemann’s theorem, z = zy is a removable singularity for g(2). 
l 
= f(z)- c 
Now, if g(zo) Z 0 then £ (z) Is analytic at Zo. 
Therefore by suitably defining g(zo), the function g(z) becomes analytic at 





Zo. 


If g(zo) = 0 then let zo be a zero of order r for g(z). 
] 
= f(2)-c 





Then zo is a pole of order r for g(z). 

Thus fz) is either analytic at zo or else zp is a pole of f(z) which is a 
contradiction to the hypothesis that zo is an essential singularity for f(z). 
Hence the theorem. 


Solved Problems 
Problem 9.4.23 


f(z) s -—. 


e^ —1 





Determine and classify the singular points of 
Solution. 

The singularities of fz) are given by the values of z for which e —/ =0. 
Hence z = 2nzi, n c Z, are the singularities of f(z). 





z’ 2 
Now,e* -1 =| 1l+z+—+4.....4+—H#...}-1. 
2! n! 
z? n 
= z +— +... H — F... 
' p! 
]lim——— -1 
20 g^ —] 


Hence 0 is a removable singularity for f(z). 





lim í : = 00 
Also 7""\e -1 if n z 0 and hence 2nzi, n Z 0, are simple poles 
of f(z). 


Problem 9.4.24 


Determine and classify the singularities of f(z) = sin(1/z). 
Solution. 
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Space for Hints 


Space for Hints 


Also 
Thus the principal part of /(z) at z = 0 has infinitely many terms and 
hence 0 is an essential singularity for f(z). 


Problem 9.4.25 
1 


. 2 T 
Determine and classify the singular points of (2sinz - I) 


Solution. 


|The singularities of f(z) are given by the values of z for whieh 


2sinz— 1 - 0. 
T 
z-—-2nz,neZ, 
The singularities of f(z) are given by .. and they are 


double poles. 
Exercises 9.4.26 


l. Find the singularities of the following functions and classify the 








singularities. 
z (z — i)sinl | 
(i) € -] (ii) lz+2i 
z? -2z+3 
(i) | 777 (iv) ze!” 


2. Show that the singular points of each of the following functions 

are poles. Determine the order of each pole. | 

e” 1 
2 2 2 
(Qtanhz G) €-D giz ETS 
z+1 z(l4z) J 
Bü n A 2 
2z (v) ] - cosz (vi) z -2z +1 





(iv) * 
3. Find the order of the pole z = 0 for the following functions. 
e^ e z l -sinz 
5 
(i) * (ii) * (iii) 


Answes: 2. (i) 0 is a simple pole (ii) 1 is a double pole (iii 0,3 are 
double poles (iv) 0 and 2 are simple poles (v) 0 is a simple pole (vi) 7 and 
—j are double poles. 


3.01 G2 (iii) 5 
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UNIT 10 
CALCULUS OF RESIDUES 


In this chapter, we introduce the concept of the residue of a 
function /(z) at an isolated singular point and prove Cauchy’s residue 
therorem. Using this theorem we evaluate certain types of real definite 


integrals. 


10.1 RESIDUES 


Definition 10.1.1 
Let a be an isolated singularity for f(z). Then the residue of f(z) at ais 





M ! 
defined to be the coefficient of - in the Laurent's series expansion of 


— 


JC) about a and is denoted by Res{f(z); a}. 


l 
Thus Res{f(z);a} = ^ri | f@)az =b Where C is a circle |z-a| = 
C 


such that is analytic in 0 < [z-a| <r. 


Example 10.1.2 
Consider f(z)- — 
Z 
e 1 z z 
= oe +— tH es 
Z 2 |l! 2! 
1 1 1] z 2° 
= ttm tates... 
z z 2! 3! 4! 


Therefore f(z) has a double pole at z = 0. 
Therefore Res(f(z) ; 0 } = coefficient of 1/z = 1. 
The following lemmas provide methods for calculation of residues. 
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.. Space for Hints 





Lemma 10.1.3 

Ifz = a isa simple pole for f(z) , then 

Res{f(z);a} = lim - 2/2). 
.| Proof. 

| Since z = a isa simple pole for fz), the Laurent’s series expansion 


for aa about z =a is given by 





ec "i LC Ca Q)- ...... 
Now, (z-a) f(z) = b, + ao(z-a) +a;(z-a)"+ T 
í lim (z-a) f(z) =5, 


= Res{f(z); a}. 


Lemma 10.1.4 


If a is a simple pole for f(z) and f(z) = so where g(z) is pao aa at 


a and g(a)z 0 , then  Res[fíz);aj -g(a). 


Proof. | 
By Lemma 10.1.3, Rest/(z;;aj = Jim -aJ (2) 


za 


-lim 2 = g(a). 


Lemma 10.1.5 
Ifa is simple pole for f(z) and if f(z) is of the form nO where 
h(z) and k(z) are analytic at a and h(a)40 and k(a) = 0, then 


Re s{f(z);a} = Pos 
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Proof. 





E h(z) 
“lime -da , 
-a) 
-lim^lim^ k(z) 





= limt lim! —— 2 
lim lim zs | (Since k(a) = 0) 


-h 
rs] 


h(a) 

» = 

est f(z); a} = E (a) 

Lemma 10.1.6 

Let a be a pole or order m > 1 for f(z) and let f(z) = n 8G Ted where 


g(z) is analytic at a and g(a) £ 0. 
(m-1) 
Then Restf(z);a) - É—À2 | 
(m —1)! 
Proof. 
ga) = e E uuu " (by theorem on higher derivatives ) 


where C is a "P. pa = =y a that f(z) is analytic in 0 < |z-a| < r. 
gu (a) 
=—— } f(z)dz= Res{ f(z);a 
rom p mio Ua). 


SOLVED PROBLEMS 
Problem 10.1.7 








+1 
Calculate the residue of = 5 at its poles. 
z'-—2z 


Solution. 
z+] z+! 
Let Az) = ———— = 
fe) z^-—2z z(z — 2) 
z = Ü and z = 2 are simple poles for fz). 


Re s{ f(z);0} = lim - o|- A p 














Re s{ f(z);2} = lim C Sj 
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Space for Hints 





Problem 10.1.8 

s l+e* 
Find the residue at z = 0 of ————————_-. 
Zcosz+sinz 
Solution. 


Let f(z) = 


Clearly 0 is a pole of order 1 for f(z). 
Re s{ f(z);0} = Jam m where A(z) = 1+ æ and 


z—0 k (z 


l+e- 
zZcosz+sinz 


k(z) = z cos z+ sinz,by Lemma 10.1.5. 
Now,Kk'(z) = -zsinz+cosz+cosz 
= -zsinz+ 2cosz 


2 
Therefore, Res{/(z);0} = s =] 
Problem 10.1.9 


2 
Use Laurent's series to find the residue of TER atz- 1. 
Z — 
Solution. | 
2- 
(z-* 
First we expand /(z) as Laurent’s series at z = 1. 
2(:—1)-2 | 
2) cc ee 
fe) = MÀ 
elg 
E-P 
2 u 26, 12 365 13 
— —— 259. i255 D FEX CS a t ao roo il iei "d scares 
(z —1) ]! 21 3! 
=e’. — M ne e Y s 
(z —1) z —1 3 
This is Laurent’s series expansion for f(z) atz = 1. 
Res{ f(z);1} = coefficient of 


Z — 


Let f(z) = 





. in Laurent’s expansion 
=e’. 
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Note 10.1.10 

Without expanding in Laurent's series the residue at z = 1 can 
be found as follows. Since fz) has a pole of order 2 at z = 1 , 
we choose g(z) = e”. 








2z 
2e 
Res(/(21) = £O 2- col e. 
]! 
z-l 
Problem 10.1.11 
Find the residue of - a at its pole. 
Z- 
Solution. 
ze 
Let f(z) = 
(z-1y 


z = l is a pole of order 3 for f(z). 
Let g(z) = zæ so that g (z) = €^ (z+ I) and g "(z).— e'(z4 2). 


Then Re s{ f(z);) = g (2) = = 





2! 2 
Problem 10.1.12 
Find the residue of — at its pole. 
z —sinz 
Solution. 
Let f(z) = ————— 
z —sinz 
2 d 
Now z -sin Z= Z- (z -+ 
3! 5! ) 
z zg 
31 51 senecsces 
ak x 
Tv ee 
l 
z= 0 is a pole of order 3 for f(z) and fz) = I z 
31 377 ) 
Now let g(z) = 1 z? 
M^ a ) 


Then Res {f(z); 0) = 5, . Clearly g(0) = 6. 


] bz ^ 


Now vz) 3! 5! ur Differentiating with 
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Space for Hints 
A 


Space for Hints | 





*9€*95*€* 


respect to z, we have feco} S! 7! 

Hence g'(0) = 0. 

Again differentiating with respect to z we have, 

KOTAO e (280g (D, -2 , 122" 
g(z)' 3! 7! 


EN g' (0) _ 
5! 





Putting z = 0 and using g(0) = 6 and g'(0) = 0 we get ^ 36 
FI 
Hence g"(0) = 5 
2g 0 3 
Therefore Res {f(z); 0 pe 29! = ]0- 
Exercises 10.1.13 


-2 


|. Find the order of each and find the residue at the poles for each 


of the following functions. 


(1) (z? +1) (ii) 222z 
2z +3 z’ 

(ili) 2(z2? +1) (IV) z2 4g? 
z? —2z 


2. Find the residue of 1 G +4) at all its poles. 


3. Find the residue of TT at z ^ I. 


+27)’ 


Answers: 1. (i)Simple pole;Res 44;-i simple pole;Res //2 


(i1)z -0,2 simple pole;Res-//2,3/2 
(iii) 0,i,-i simple poles;Res 3, (2i+3)/2, (2i-3)/2 
(iv) ai,-ai simple poles;Res a7/2,-ai/2 
2. z—-1;-14/25;z-2i; (7*i/ 25; (7-i)/25. 
. —i(2n-2) 
E x [n - DIT 
Theorem 10.1. 14( Cauchy's Residue Theorem) 
Let f(z) be a function which is analytic inside and on a 
simple closed curve C except for a finite number „f singular 
points z;, zs, , ....... „Zn inside C. 


Then | Cd = 22 iY Res {f(2):z,) 


Proof. 
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Let Ci, C 3 oru C, be circles with centres Z; ,Z2,... 
......Z, respectively such that all circles are interior to C and 
are disjoint with each other.(refer figure). 

By Cauchy's theorem for multiply connected regions, we have 


[fex = | ae | f@az+ " | ox 


= 2n i Res(f(z);zi) *2n i Res(f(z);za]  ............*2n i Res fZ); Zn} 
(by definition of residue) 


= 22 iV Re s{ f(E) z} 


Hence the theorem. 
Example 10.1.15 


2 
Z 


Eval h l l = 4. 
valuate | 3243 where C is the circle |z| = 4 


z? 


Let H2) = (2 .2y(z +3) 
z=2 and z =-3 are simple poles for f(z) and both of them lie 
inside |z| = 4. 


. Z 4 


è z? 9 
nes: 3)= lim eres S 


Therefore by residue theorem, 
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Space for Hints 


| Space for Hints 


J f(z)dz = 22 E + (- 2 


=-271 


Z ; 
— —Ó 
E243) 
Theorem 10.1.16 (Argument Theorem) 


Let f be a function which is analytic inside and on a simple 
closed curve C except for a finite number of poles inside C. Also 


cs | 
let f(z) have no zeros on C. Then rs] f "AC = N — P where N is 
Ani Jf (z) 
the number of zeros of f(z) inside C and Pi is the number of poles 
of f(z) inside C. 
( A pole or zero of order m is counted m times). 
Proof. 
We observe that the singularities of the function Lv 
f(z) inside 
C are the poles and zeros of order n for f(z). Let C; be a circle 
with centre zọ such that it is the only zero of f(z) inside C}. 
Then f(z) = (z-zo)" g(z) where g(Z) | is analytic and nonzero 
inside C;. Hence f’(z) = n(z-zo)""' g(z) + (z-zo)"g (z) 
£2) n g '(z) 
i mci E (1) 
Í (z) Z—zg  g(z) 
g (z) 
g(z 


is also analytic 





Since g(z) is analytic and non zero inside Cj. 


and hence can be expanded as a — series about zo. 








Res ct 2. Zo} = coefficient "- id (1) 
NNNM nest Dua 
Similarly if z; is a pole of order p for fiz), then R€5U 7, — f(z) zngp--p 


pe [LOr N — P where 
"2mi 7} f(Z) 

N is the number of zeros and P is the number of poles of f(z) 

within C. 

Corollary 10.1.17 

If f(z) is analytic inside and on C and not zero on C, 


] 
meno d ay, LO. N Where N is the number of zeros 


Hence by Cauchy's residue theorem 


e. inside i 

Proof. 

Since the number of poles is zero, we have, P - 0. 
Hence the result follows. 
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Theorem 10.1.18 (Rouche's Theorem) 
If f(z) and g(z) are analytic inside and on a simple closed curve C 
and if |g(z) | < |/(z)| on C, then f(z) + g(Z and f(z) have the 
same number of zeros inside C. 
Proof. 

Z g(z) 
f(z)*g) S i T zu = f(z) p(z) where $(z)— n * «2l 


Hence / fz) *g()]' =f) *g'&) SSO $6)* ft) 9'@) 
Orr) feo *foec) 


f(G)* 2) f(zez) ^" 
(2, 9) 
fi) ez) 
1p f@+s'@ry . el I’) j 
2min f(z)+g2(Z) 2miz f(z) 
lip e'(z 
hu wg € í) 
g(z) 
Now, by hypothesis |g(z)| < |/(z)| and hence f(z) «lon C. 








Therefore |g(z) — 1| < J on C. 

Hence by maximum modulus theorem, |g(z) — 1| < 1 for every 
pointz inside C. 

Therefore q(z) + 0 for every point inside C. 


9 '(z) 
Hence | oz) dz — Number of zeros of (z) within C. 
A 


= 0. 





donf Org GS - 
Hence from (1) we have, a f(z) + g(z) ļaz = 


l f J'E) z 
2min f(z) 
Therefore N; = N 2 where N; and N; denote respectively the number 


of zeros of f(z) +g(z) and f(z) inside C. Hence the theorem. 
Remark 10.1.19 | 


We can deduce the Fundamental Theorem of Algebra from 
Rouche's theorem. 


Theorem 10.1.20 ( Fundamental Theorem of Algebra) 





A Polynomial of degree n with complex coefficients has n zeros in C. 


Proof. 

Let ag + ajz + az’ TETTE +a„z” , where a, £ 0 ,be a polynomial 
of degree m. 

Let f(z) = an Z” and g(z) ^ ag + a, +....... ta, 2" 
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Space for Hints 





Space for Hints Clearly lim ; 7 - 
zo Z 


Hence there exists a positive real number r such that | 


&Q 
(z). 


for all z with |z| > r. 

Hence by Rouche's theorem f(z) and f(z) + g(z) have the same 
number of zeros inside the circle |z| = r +7. But 0 is a zero 
of multiplicity 


n for f(z). 


Hence the gives polynomial f(z) + g(z) also has n zeros. 
Solved Problems - 
Problemi 10.1.21 


Evaluate I E. where C is |z| = 2. 
E223 
Solution. 


3 l 
z= 7 is the simple pole of f(z) which lies inside the circle |z| = 2. 





Re sif (z);- 2) = lim Fr where f(z) = 1 and k(z) = 2z +3. 
3. ] 
pua i CO rs ^ 


Therefore by residue theorem, | f (z)dz » 2z B = i 
A 
Problem 10.1.22 
Evaluate Í S where C = {z;|z| = 1}. 
cze“ 


Solution. 


E d 
r2 


Given integral can be written as | f(z)dz | where f(z) = — 
M a 


J) has pole of order 2 at z = 0 which lies inside the circle |z| = 7. 
Let g(z) = e^. Hence g (z) = - e”. 
Therefore by Lemma 10.1.6, Re s{ f(z);0} = EU) rx. 


By mbi theorem , d f(z)dz -2ni(-1) -- 271. 
LU 


Problem 10.1 23. 


nies 


Evaluate — dz where C is the square having 


vertices 343i , 3-3i, -3+3i, -3-3i. 
Solution. 
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2--3sinzz 


Let f(z) = 
Kz) zz- Di 
a double pole for f(z) and both of them lie within C. 


NEUE 2-r3sinzz 
Res f) ; 03 - UM! Tp? -2 


. Here z= 0 is a simple pole and z = 1 is 


' 2+3sinzz 
Res(f(zyli- E where  g(z)2—————. 


zàz cosz z — (2-- 3sinz z) 
A ERN 
Therefore g (7) = - 3z — 2. 


Therefore Res{ /(z);l) =- 3a — 2. 


Therefore by residue theorem , | f (z)dz = 2n i(2-31-2) = -67° i. 
4 


Problem 10.1.24 

Evaluate f tan zdz Where C is |z| = 2. 
A 

Solution. 


Let f(z) = tan z = UL ICA, 








cosz - k(z) 
(2n 4t lr » 
2 


e N. 


Cos z has zeros at z — 


7c 7 
Therefore f(z) has simple poles at z = — 2 and z = zo the 
circle |z| = 2. 


T 20 T Ft . _Sin(z/2) _ 


=| 


k'(m/2) — —sin(z/2) 
palis. ick es ee 
Rest f (zy-7/2j k'(—7/2) | —sin(-z/2) 


By residue theorem , | tan zdz = 2ni[(-1)*(-1)] =- 4x i. 
C 
Problem 10.1.25 
22 . 3 
Prove that [——— 4 = m where C is |z| = —. 
^ (zl) e P 
Solution. 
2s 

Let f(z) ^ ————— 

fe (z+ ly 


f(z) has a pole of order 3 at z = -/. 
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Space for Hints 


Space for Hints ] 
pests - EC. ies gt = 2 


Now 2 '(z) = 2e” Ne g"(z) = 4e". 


ai 
Res(/(2;-1) = —- 5 





( 2 Ani 
Therefore by residue theorem , |^ (z)dz = £z (5 ^ e 
Problem 10.1.26 
Evaluate, using (i) Cauchy's integral formula (ii) residue theorem 
f z4l 
7 z’ + 2z+ 





z where C is the circle |z 7-*7| =2. 


Solution. 
Clearly C is a circle with centre a = -(/+i) and radius 2. 


N z+] z+] 
WwW = ee 
z°+2z+4 (z«Di-. ^ 

T z+] f 

(z+1+iv3) +(z+1—iv3) 
E z41l 

[z- (-1- i43] +[z-(-1+iv3] 
z, =—-1+iv3 and z, =—1—IW3 are the singular points of 


the given integrand 


z4l 

z? +2z+4 

Now |z, — a| =| i(3 + 1) |= Ree 
and IZ, —al = -i(43 —1) | = 43-1«2 
"- zZz =—1—iv3 lies inside C. 
(1) By using Cauchy integral formula. 

: +]. 
Consider /(z) = MC S 
[z —(-1— i 4/3] 


We note that f(z) is analytic at all points inside C. 
Therefore by Cauchy's integral formula, xL Í PACES = z); 
mi Lz-—z 





cR E (z 4- Daz nr 
pr lena Wate - Cre 55 fC1-w3) 
(ie) (z-Ddz _ (-1— i43) 41 


2mi Lz^-2z«4 (-1-i43) - (-14 i43) 
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_ -iv3 1 
-2i43 2 
[a =r) =ni 
A qz 2 
(i1) By using residue theorem, 
z4l 
Z)-————— 
fe z^ -2z44 
- —1—- i43 lies inside C. 
h(-1- i43) i43) 
k'CA- i 3) 
k(z) = z' +2z+ 4 so that k’(z) = 2z+2 
-1-i/341 -i3 1 
Res Z d ecd 3. DEI END I EE E — 
Uo 2(si-:J3)p2. eu. 2 


By residue theorem, | f(z)az = ES = i. 
z 





where A(z) = z^ 1 and 


Res(f(z);-1- i43) = 





Problem 10.1.27 
3cosz 


Use residue calculus to evaluate Ey where C is the 
2i —3z 


unit circle. 





Solution. 
Let fz) 3cosz 
z) = A 
2i — 3z 

2; 
Here z = I a simple pole and lies within C. 
Re s{ f (zy; =} = - Hm i x : where A(z) = 3 cos z and 

z21/3 

k(z) = 2i — 3z so that k’(z) = -3. 

2i 3cosQi/3 
Sen Poet = XE = - cos(2i/3) = - cosh(2/3). 


By residue theorem | f (z)dz = 2z i|- cosh( 2/3)] 
QU 


tk 


i.e = —27rilcosh2/3 

(i.e) CR. ^ [coshQ/3)]. 

Problem 10.1.28 

Use residue theorem to evaluate [ae around the 
(z^ —Dz-3) 

circle |z| = 2. 

Solution. 
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Space for Hints 


) 
/ 


Space for Hints 
^ -z-] 
Let f(z) = 
x "m 3) 


f(z) has simple poles I, ) , 3 and only 1, -1 lie inside |z| = 2 
Resíf(zyl) = Ps where A(z) = 3z/ + z -1 and 


k(z) = 2? —3z^—z + 3 so that 
k'(z)= 32° -6z -1. 








3411s] 3 
R I} = — 
es/ (3 = 2— = 
3-1-1 1 
ly Re -1 =— 
Similarly Res{f(z);-]f = ar ae 
Therefore by residue theorem, 
2 — 
fete aeo ar 241) =20{ 2) == 
(z^ —D(z-3) 4 


Problem 10.1.29 
Evaluate [———— d where C is the circle |z-/|= 
nia = ZZ) 

Solution. 


e 
z) = ——————— 

WO (*2XG-1) 

fz) has simple poles at 1, -2; the pole 1 is inside the circle 
z-1| = I and z = -2 lies outside the circle. 


Re st (zl) = lim - do TUNE 3 


By residue theorem, | f (zz -2z iG 
C 


f e^ - i2ze 

(z —1)(z+2) 3 

Problem 10.1.30 

Show that the function 2 + z^ — e" has precisely one zero in the 
open upper half plane. 

Solution. 
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Take fz) = 2 + z^ and g(z) = - e”. Let C be the simple closed 
curve consisting of the semi circle |z| = r in the upper half 
plane together with the interval /-r,r] on the real axis. 

If z € [-r,r], then [g(z)| = 1 and |f(2)| > 1. 

Hence |/(z)| > |g). 

Now, ifz = re", 0 < 0 < x, then |f(z)| = |2+z7| » zl -2 — p?- 2. 


-rsin@ 
=e rsin | 


Also |g(z)| = - p 





Hence for sufficiently large value of r , we have UZ) > |g(z)|. 
Hence by Rouche's theorem, f(z) + gz) ^ 2 + z7- e" and 

JZ) = 2 + 7 have the same number of zeros in the upper half 
plane. Also 2+2° has exactly one zero in the upper half of the plane 


namely i42 . 
Hence 2 + z^ — e" has exactly one root in the upper half plane. 
Problem 10.1.31 


TOL) |) d LG) z 
2 2 
Let (z +2z +z) .Evaluate 2mi f(z) where C is 
the circle |z| = 4. 
Solution. 


I and — [ are zeros of order 1 and -1 +I and -1 -I are poles of 

order 2 for f(z). Also these zeros and poles lie inside C. 

Hence number of zeros of f(z) = N = 2 and number of poles of f(z) = 
= 4.( Poles are counted according to their multiplicity) 

a f f '(z) d 

2zmi: f(z) 





Therefore by Argument theorem , =N-P=2-4 


Exercises 10.1.32 


l .Evaluate the following integrals 


(i) f i tin dz where C is the circle |z| —2. 
z(z — 1) 


C 
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Space for Hints 


Space for Hints (ii) | eee oe NE dz where C is the circle |z|=3/2. 
- ~ — m — 2) 








(iii) le 
C 
(iv) [2 f dz where C is the circle |z|=7 
C 
Answers: T" 6zi (11) -2zri (iii) -2zi (1v) 


Tl 
10.2 EVALUATION OF DEFINITE INTEGRALS 


We use Cauchy’s residue theorem for evaluation certain types of real 
efinite integrals. 


Type 1 
2m 
Í J (cos@,sin@)d@ where fcos0,sin0) is a rational function 
Q 


of cos@ and sin@. 
To evaluate this type of integral we substitute z = e”. As 0 varies 


from 0 to 27, z describes the unit circle |z| = 7. 








10 -—1@ —] 
e” +e z+z 
Also, cos 9 = | ————— = . And 
2 2 
10 —1@ —] 
e —e Z-—Zz 
Sin@= —————c- 
21 2i 


Substituting these values in the given integrand the integral 


is transformed into 


S ET f 
[o(z)dz where 0(z) =f [2 = E 77 ] and C is the 
C l 








positively oriented 
unit circle |z| = 1 . 
The integral I O(z)dz can be evaluated using the residue theorem. 


Solved Problems 
Problem 10.2.1 


2m 
Evaluate | "T 
a 5+ 4sinQ 
Solution. 
22 
Let I = [ NL 
a >+ 4sinð 
Put z = e” 


| Then dz = iz d0 and sin 02 m 
j 
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dz 
The given integral is transformed to I — [n 
ass {2 x J 
2 





where C is the unit circle |z| =Z. 


z f az 
- 22° +5iz -2 
Let f(z) = — — MN MEME 
2z* +5iz—2 2(z + 2i)(z +i/2) 


Therefore -2i and —i/2 are simple poles of fe and the pole —i/2 
lies inside C. 


| l 
Also R 2(z42n Bi 
SO es{ f (z);- y= lim 2(z+2i) 3i 


Hence by Cauchy's residue theorem, I = 2 mi x] = —, 
Problem 10.2.2 








27 
d@ 27 
Prove that E e duse 
yer V1—@? ( ) 
Solution. 
Ban 
Put z = e^. then sin 0— T and dz = iz dO. 
i 
2a d 
f E = | 5 where C is the unit circle . 
o l-*asing ad (sz) 
izi l+a ; 
Ai 
= í dz 
^ z[2i + a(z — z )] 
_ f 2dz 
^ az? +2iz -a 
2 
Let Az) = 


az’ +2iz—a 


~2itV—44+ 4a’ 


The poles of /(z) are given by z = 5 
a 
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Space for Hints 


Space for Hints 
-itiNl-a' 


(since -/ <a «€ J); 


a 
it+ivl—a’ i -iNl—a^ 
Let z andz 
a a 
1-XJ1- a? 
We note that |z;| = n tae >] (since -/ <a < 1); 
ad 


Also, since |z;z2| = 1 it follows that |z;|« 7. Hence there are 


no singular points on C and z = z; is the only simple pole inside C. 


/ 
Resif(z5zi-]lm-z JÄE 


|| 2/a 
Z| — Z5 





By residue theorem, { EE. Am (o | 
,l-Tasin 8 Alsea’ 
27 
| — a 


Problem 10.2.3 
Prove that I — |-——— 
0 


7 
INE ROTE () 
a^ -sin^ 8 MN +1 (a*0) 


Solution. 


2 


T [een] 
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E s 2ad0 
, 2a^ --1— cos28 


2a 
d 

— a M (putting 20 = o) 

», 2a +1- coso 


=— (putting z = e”) 
B 2a dz 
i 2 [2(2a^ +1)z — z —1] 


E ul eaon 
: [-2(2a* -1z4z - 1] 


= 2ai| f(z)dz ~------~--------------------- (1) 


l 


Where f(z) = ——————— —————— and C is the unit circle |z| = 7. 


z^ —2(2a° - Dz41 


Poles of f(z) are the roots of ° -2(2a^« I)z^1 = 0. 


Therefore z = (2a^^ I) + 2aN a^ +1 


Let z; = (2a°+1) + 2aNd! +1; z = (2à^*1) - 2aVad? +1 


Clearly |z;| > Z and |z;z2| = J so that !z;|« /. 


Hence the only pole inside C is z = zp. 


Res (2:2,) = limG - > en corel 


zz) 
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Space for Hints 


Space for Hints ] 


j (-4aNa* +] 


From (1),1 = 2m | Ro 


— 4aya’? +1 





Problem 10.2.4 


2a 
dà 
Using Contour integration, evaluate | ————— — 
sing Contour integr Breer 
Solution. 
2m 
da 
Let I = Í PEE 
13+ 5sinO 


0 


zi 
Ln 


Put z =e”. Then sin 0— and dz = iz dé. 





Therefore the given integral is transformed to 


(where C is the circle |z| = 7) 








B f 2dz 
Sz? +26iz -5 


C 


Let fiz) ] : 
Oe eee ee e 
5z^--26iz—5 = (z + 51)(5z +i) 


—i = 
"s and — Ji are simple poles of f(z) and the pole r: lies 


inside the unit circle. 
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Re s{ f(z); -^ - lim a (where A(z) = 2 and 


z—»— m; 


| | 


Cow 
— 2i 4- 26i 


12i 
Hence by Cauchy's residue theorem, I - 2z (s = " 
I 
Problem 10.2.5 


27 
dé 
Use Contour integration technique to find the value of | ———-. 
a 2-4 cos 

Solution. 

2m 

0 
a 2+cos@ 


-1 


Lam 
Put z =e. Then sin @= 
i 


and dz = iz d0. 





2s 





Also cos 0 — 


* æ . d 
The given integral is transformed to I = |^ ———u 
gaz ) 





(where C is the circle |z| = 7) 


TE z J J 


Toe — 2idz 
- (4z +z’ +1) 
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Space for Hints 


Space for Hints 
T- B x MN — 2i _ — 2i 
et) z^ -4z4]1 (z - 2) -3 [z2-43]z - 24 43] 


^. —2 43 and — 2 — 43 are simple poles of fz) and the pole 
2-43 lies inside C. 


295 
Re s{f(z);-2 43) = lim |: " E 





—4-4 24/3 +4 
eu 


J3 
. —i 
Hence by Cauchy's residue theorem I = 2z 7) — | = —— 
dd x) 45 


Exercises 10.2.6 
1l. Show that 
2m 
da A 
() I 2 


0 


24 
(ii). E M e d 
,2-4cosO 6 
La 
d@ 27 
(iii). | ——— = —. 
preer Jd 
Type 2 





n (x)dx where f(x) = E and g(x) , h(x) are polynomials in z 
—oo X : 


and the degree of h(x) exceeds that of g(x) by at least two. 


To evaluated this type of integral, we take fz) = I 

Ž 
The poles of /(z) are determined by the zeros of the equation A(z) = 0. 
Case (i) No pole of f(z) liles on the real axis. : 
We choose the curve C consisting of the interval [-r.r] on the real 
axis and the semi circle |z|= r lying in the upper half of the plane. 
Here r is chosen sufficiently large so that all the poles lying in 


the upper half of the plane are in the interior of C. Then we have 


| f@az= | f Godx + [ f(z)dz. where C; is the semi circle. 
C 


—r E 


since deg h(x) — deg f(x) > 2 it follows that 
and hence 
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zi—z42 
Let fz) = —————. 
f) z*+10z7 +9 


Poles of f(z) are the zeros of z*+/ 02z°+9 = 0. 

z*+102°+9 -(z^--9)(z I). 

Therefore z = + Ji, +i. Hence z = 3i, -3i, i, -i are the simple poles 
of f(z) . U 


Choose the contour C as shown in the figure. 
| f (2)dz = | f(x)dx + J f) 


The poles of f(z) lying within C are i and 3i and both of them 
are simple poles. 


Res(f(zyi) = FO where A(z) = z/-z*2 and k(z) = zf + 102? +9 
so that k’(z) = = +202. 





—i+2 dcr 
Re s{ f(z); i} = D - 16i 
Rest f(z)38 = 7 ut (verify ). 
8i 


m faz = 2x i (sum of the residues at the poles) 


Gs] Sr 
=2r i| — |= 
48i) 12 


f x —x+2 f z-z+2 5x 
J x* 4 10x^ +9 E +10z?+9 12 
Now as r— oo the — over C je 0. 

x’ —x+2 XT 

*410x°+9 — 12^ 


From (1), 


Therefore, F 


Problem 10.2.11 


T dx 
Evaluate I = | a 
a(x ta) 
Solution. 
. Í l i 
Since oa is an even function, we have 
x +a 


MERE REN 
3 (x? +a’y A (x? +a’ Y 
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Space for Hints 


Space for Hints I l 
Let (7) = <5 
(z^ * a^) 


Poles of f are the roots of (z+ a p = 

Now, (z^ ta = (z+ai)* (z-ai)? 

Therefore ai and —ai are double poles of /(z). 

Choose the contour C consisting of the interval / -r, r] on the real 
axis and the semi circle C, with centre 0 and radius r that lies in 
the upper half plane. 


n | de= | feodx ff (edz 0) 
C -r Ci 
The poles of f(z) lying within C is z = ai. 


i 


I 
Re s{ f(z);ai} = g'(ai) where g(z) = (+e 


Now g '(z) = -2 (z+ai)”. 











; 1 
Therefore g’(ai) = Ad 
Therefore, 
Re s{ f(z); ai} = s 
“| I (Adz = ni M 
ax 
Io tay "pu "n 


When as r— oo ,the integral over C, — 0. 
—-—— € 
jx ray 2a 


dx n 
(x? +a?) l 


O Coma, § 
t3 
1 
a 
UJ 


Problem 10.2.12 


f x'dx — z43 
Prove that ° (x 
Solution. 
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z^ Space for Hints 


6 
Now let f(z)— (z -D 
The poles of f(z) are given by the sixth roots of unity, namely 
e" m. vu 0,1,......., 5. 


Therefore f(z) has 2 simple poles on the real axis , viz., 1 and -1 
and two poles e" and e^" lie on the upper half of the plane. 


2: j f(z)dz = f f(z)az + rey: + J f(z)dz * 


-]-&£ 


I Todd 4 


—I+e8, 


| f@)de mo — (1) 


r£, 


Now, Í f(z)dz= -n i Res (f(z) ; -1) 


C2 


a ) where h(z) = z^ 


ll 
sss 
a | 
om io 
ae 


= -n 1(-1/6) 
= 7 1/6,----------(2) 


Similarly | fae =- Tt i Res {f(z) ; 1j 


| 
E RRN 
em 
~ sen 
SiS 
Mole 


= «T i/6.-------- (3) 


Also Í f(z)dz 22ni[ Res (f(z) ; e2} + Res f) ; e" ?1] 


_ "nd h(e'^ ^) eg 573 
l 6e"? PE 
e ^7? e 7? 
B 2m i 6e 7? * 6697/5 
Wil z 
- e Ut d13 te " 


mil _ 
“le i” {3 egit 
3 


= ^ Cn sinz/3) 
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—2»o0 we get 











pOR aes 
“x -] 6 6 3 
of ER _ zx3 
jx -1 3 
[EE 7 a3 
“2 xe 1 6 
Type 3 


[22 cosas dx or ($2 sin ax dx where g(x) and h(x) are 
=% h(x) —oD h(x) 

real polynomials such that degree of A(x) exceeds that of g(x) by 

at least one and a > 0. 


Case (i) h(x) has no zeros on the real axis. | 

gí(z) e'* 

h(z ) 

Therefore /(z) has no poles on the real axis. 

Choose the contour as in type 2 and proceeding as in type 2 , we 


In this case take f(z) = 


get the value of f ED gie dx 
g(x) X) io 
h(x) 
[269 


cosax dx and f 
—00 


Taking the real and imaginary parts of dx, we obtain 


sin ax dx 





the values of 


f g(x) 
Case (ii) k(x) has zeros of order one on the real axis. 


8) pwz 
Take f(z) — 
J(2) a i 

Suppose a is a real zero of A(x) on the real axis. In this case we 
indent the real axis as Case(ii) of Type 2 and evaluate the integral. 
To prove that the integral over the upper semicircle tends to zero 
as r — oo , we use the following lemma. 
Jordan’s Lemma 10.2.12 

Let f(z) be a function of the complex variables 
z satisfying the following conditions. 
(i) f(z) is analytic in upper half plane except at a finite number 
of poles. 
(11) /(z) — 0 uniformly as |z| — œ with 0 € arg z € a. 


. We notice that T(z) has real poles. 
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—ü 


e 

4(iay +2(a° + b^ Xia) 

Le LL 
i 2a{(a? 4 b^)—-2a*] 


a 


”. Res{ f(z); ai} = 


re 
2a(b* — a*) 


=d 


u le 

— Qala? - b^) 
ie" 

2b(b? — a*) 


-b 


Similarly, Res f€); bp = 


— ie 


g 2b(a* — b?) i 


= j — — E ad 
From (1), ]/exe an =| a b J 





c e" e^ | 


Also (1) can be written using (2) as 


[faz + | a Ln sm s) 


4 Vom Qa yo +b”) ^ a-bPib a 
Further the integral over C; tends to 0asr— œ. 
Therefore (3) becomes 

1 


oo ix —h -a 
| 2 - 2 2 dx = 2 2 ~- à; 
(x^ ra^ )x -b') a’ —b’\ b a 


-—00 


Equating real parts on both sides we get 


f cosx w= 7 e" e^ 
2 (x? a? X(x? +b’) a-bPib aj 


Problem 10.2.15 








* COSQX 
Prove that I ( 


T 
= —(a + lje” where a > 0. 
(1 x^) 4 


Solution. 


181 


Space for Hints 


Space for Hints e^ 
Let f(z) = 


(1-2?) 
The poles of fz) are given by i and —/ which are double poles. 
Now choose the contour as in problem 10.2.13. The pole of /(z) 
that lies within C is i. 


l 
^ Res{/(z);i} = T g’ (i) where g(z) = (z-i) fz) = 


iaz 


+i i O e, +i 
(z +i) 
_ A5 -a _ 74 . EUM. ] 
+ Res{ f(z);i} = o a 


Hence by Cauchy's residue theorem, 


| A4. 4e" (a1) = z(a 4 1)e 
J f (z)dz = 2x jen | —— 


B | faz * | dx = me 
C. kl 
AS r> , the integral over C, tends to zero. 
f z(a-4 Le" 
a 2 
ee = “(a +le~ 

Equating real parts ? (149 x^) p. 

f cosax T p 
Therefore | nite = g” + De , 

0 
Problem 10.2.16 
Prove that Í = __Zsn2 

DX +4x4+5 e 

Solution. 
Let fiz) = ——— 


z?’ +4z+5 

The poles of f(z) are the roots of the equation z^44z4 5-0. They 

—4t416-—20 
2 

Choose the contour C as shown in the figure. 


are given by z= =—2+i 
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Space fór Hints » | | 
Re s( f(z); ia} = A where A(z) »ze" and k (z) = z^ + a’ so that 
| . k (ia | 
k'(z)— 2z. | 
.: i( ia) e =a 

Res{ f(z); ia = — = 

Res{f(@hiia} = Sy = 3 

Hence by Cauchy’s residue theorem, 
[yeyae= 224 -mzie^ 

z 2 ts 


n [faz | (dx = nie. 
C, =f 
As r—o , the integral over C, tends to zero. 


a | fd = mie”. 


o re” uU 
s — —3,dx = mie A 
HX +a 

peu 


> 5 = ie. 
x +a 


-—00 


Equating imaginary parts on both sides, we get, 


—o 


Since the above integrand is an even function, we have, 


71 EL =e. 





2 

x^ +a 

po me ^ 
x^ +a’ 2 


0 
d sk desk sk ok ok ok koe oj oj oj joke ok ok ok e TT ST TT eT TT TT TTT TTL LLL 
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